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Abstract. The thermodynamical formalism has been developed in [MyU2 
for a very general class of transcendental meromorphic functions. A function 
/ : C —* C of this class is called dynamically (semi-) regular. The key point 
in |MyU2| was that one worked with a well chosen Riemannian metric space 
(C, a) and that the Nevanlinna theory was employed. 

In the present manuscript we first improve [MyU2| in providing a sys- 
tematic account of the thermodynamical formalism for such a meromorphic 
function / and all potentials that are Holder perturbations of — tlog \f\a- In 
this general setting, we prove the variational principle, we show the existence 
and uniqueness of Gibbs states (with the definition appropriately adapted for 
the transcendental case) and equilibrium states of such potentials, and we 
demonstrate that they coincide. There is also given a detailed description of 
spectral and asymptotic properties (spectral gap, Ionescu-Tulcea and Mari- 
nescu Inequality) of Perron-Frobenius operators, and their stochastic conse- 
quences such as the Central Limit Theorem, K-mixing, and exponential decay 
of correlations. 

Then we provide various, mainly geometric, applications of this theory. 
Indeed, we examine the finer fractal structure of the radial (in fact non- 
escaping) Julia set by developing the multifractal analysis of Gibbs states. 
In particular, the Bowen's formula for the Hausdorff dimension of the radial 
Julia set from |MyU2| is reproved. Moreover, the multifractal spectrum func- 
tion is proved to be convex, real-analytic and to be the Legendre transform 
conjugate to the temperature function. In the last chapter we went even fur- 
ther by showing that, for a analytic family satisfying a symmetric version of 
the growth condition ll.U in a uniform way, the multifractal spectrum func- 
tion is real-analytic also with respect to the parameter. Such a fact, up to 
our knowledge, has not been so far proved even for hyperbolic rational func- 
tions nor even for the quadratic family z t— > z 2 + c. As a by-product of our 
considerations we obtain real analyticity of the Hausdorff dimension function. 



Contents 



Chapter 1. Introduction 

Chapter 2. Balanced functions 

2.1. Growth conditions 

2.2. The precise form of 

2.3. Classical families 

2.4. Functions with polynomial Schwarzian derivative 

2.5. Functions with rational Schwarzian derivative 

2.6. Uniform balanced growth 

Chapter 3. Transfer operator and Nevanlinna Theory 

3.1. Choice of a Riemannian metric and transfer operator 

3.2. Nevanlinna Theory and Borel Sums 

Chapter 4. Preliminaries, Hyperbolicity and Distortion Properties. 

4.1. Dynamical preliminaries and hyperbolicity 

4.2. Distortion properties 

4.3. Holder functions and dynamical Holder property 

Chapter 5. Perron-Frobenius Operators and Generalized Conformal Measur 

5.1. Tame potentials 

5.2. Growth condition and cohomological Perron-Frobenius operator 

5.3. Topological pressure and existence of conformal measures 

5.4. Thermodynamical Formalism 

5.5. The support and uniqueness of the conformal measure 

Chapter 6. Finer properties of Gibbs States 

6.1. The two norm inequality and the spectral gap 

6.2. Ergodic properties of Gibbs States 

6.3. Decay of correlations and Central Limit Theorem 

6.4. Cohomologies and a 2 = 

6.5. Variational Principle 

Chapter 7. Regularity of Perron-Frobenius Operators and Topological 
Pressure 

7.1. Analyticity of Perron-Frobenius Operators 

7.2. Analyticity of pressure 

7.3. Derivatives of the Pressure function 

Chapter 8. Multifractal analysis 

8.1. Hausdorff dimension of Gibbs states 



iii 



iv 



CONTENTS 



.2. The temperature function 88 
.3. Multifractal analysis |92 



Chapter 9. Multifractal Analysis of Analytic Families of Dynamically Regular 
Functions 

9.1. Extensions of Harmonic Functions 

9.2. Holomorphic Families and Quasi- Conformal Conjugacies 

9.3. Real Analyticity of the Multifractal Function 



97 
97 
99 



01 



Bibliography 



CHAPTER 1 



Introduction 



The thermodynamic formalism of hyperbolic (expanding) rational functions and 
Holder continuous potentials on the Riemann sphere is by now fairly well devel- 
oped and understood. Being a part of a more general theory of distance expanding 
maps, its systematic account can be found in |PU| (see also |Zinj ). It was greatly 
influenced by the work |Bwl] of R. Bowen, |R1] of D. Ruelle and others. In partic- 
ular, the topological pressure was introduced and analyzed, the spectral and asymp- 
totic properties of Perron- Frobenius operators are established, regularity properties 
(real analyticity) of topological pressure function are also established, Gibbs and 
equilibrium states are shown to exist, to coincide and to be unique. Moreover, the 
resulting dynamical systems are "strongly" mixing (K-mixing, weak Bernoulli), sat- 
isfy the Central Limit Theorem, exponential decay of correlations, and the Invariant 
Principle Almost Surely. 

The fractal geometry of hyperbolic rational functions also seems to have reached 
its maturity period. As far as we know, its modern development began with the 
work :Bw2j of R. Bowen, paralleled by Sullivan's activity (see |Suj ). and followed by 
[PUZj . It is known that for hyperbolic rational functions HD(J'(/)), the Hausdorff 
dimension of the Julia set is given by Bowen's formula (the zero of the pressure 
function), the conformal measure is unique (and its exponent equals to HD( t /(/))), 
both Hausdorff and packing measures are positive and finite and coincide up to 
a multiplicative constant. Also the Hausdorff dimension of the Julia set is shown 
to depend analytically on the parameter ( |R2j ) and the multifractal formalism, 
analyzing the structure of the level sets of the local dimension function of a given 
Gibbs measure, is developed. Actually all of this can be found with proofs in [PUj : 
the survey article [Urlj briefly summarizes hyperbolic rational functions and deals 
in greater detail with parabolic and non-recurrent rational functions. 

Notice that all of this is quite different for transcendental functions. As we will 
see, there is a Bowen's formula but the zero of the pressure is not the Hausdorff 
dimension of the Julia set. It determines the hyperbolic dimension which equals to 
the Hausdorff dimension of J r {f), the radial (or conical) Julia set of the function /. 
Such a Bowen's formula has been established in [UZ1] for hyperbolic exponential 
functions. As a corollary the authors obtained that there is a gap between the 
hyperbolic dimension and the Hausdorff dimension of the Julia set itself (the later 
being of dimension two, a result from McMullen's paper [McM] ). Such a phenom- 
enon is in big contrast to what happens for rational functions. That transcendental 
functions can have such a gap has been observed for the first time (in terms of 
the critical Poincare exponent) by G. Stallard [Stlj . Finally, the behavior of 
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Hausdorff and packing measures has been studied in |MyU3| (see also |UZlj ). It 
turned out that the Hausdorff measure (of the radial Julia set) may vanish whereas 
the packing measure may happen to be locally infinite. 

There is yet one more important direction of research concerning fractal geometry 
of Julia sets of transcendental functions. It copes with determining precise values 
and estimates of the Hausdorff dimension of Julia sets. G. Stallard has done a lot 
in this direction (see the survey [St2] ). the re are also contributions of J. Kotus, 
B. Karpihska, P. Rippon and the authors of this memoir. We essentially do not 
touch this topic here. The reader interested in the early historical development of 
the "measurable" (thermodynamic formalism, fractal geometry, absolutely contin- 
uous invariant measures) theory of transcendental functions, can find some useful 
information in [KU4] . 

The present work exclusively concerns transcendental dynamics. The first work on 
thermodynamical formalism is Ba] where Barahski was dealing with the tangent 
family. Expanding the ideas from |Ba] led to [KU1] , where Walters expanding 
maps and Barahski maps were introduced and studied. One important feature of 
maps treated in [Baj and [KUlj was that all analytic inverse branches were well- 
defined at all points of Julia sets. This property dramatically fails for example for 
such classical functions as f\ (z) = Xe z (there are no well-defined inverse branches 
at infinity) and the Perron- Frobenius operator, taken in its most natural sense, is 
even not well-defined: 

c t i( W )= J2 i/i(z)|-*= Yl 1*1-' = +°°- 

To remedy this situation, the periodicity of f\ was exploited to project the dynam- 
ics of these functions down to the cylinder and the appropriate thermodynamical 
formalism was developed in |UZ1| and [UZ2j . This approach has been adopted 
to other periodic transcendental functions (besides the papers cited above, see also 
[CSH ICSSl IKU21 |MyUfj IUZ31 lUZi] and the survey [KUi] ). 

The situation changed completely with the new approach from !MyU2]. It 
allows to handle all the periodic functions cited above in a uniform way and, most 
importantly, it goes much farther beyond. The key point of |MyU2| is to associate 
to a given transcendental function / : C — > C a Riemannian metric a which then 
allows to perform, with the help of Nevanlinna theory, the whole thermodynamical 
formalism for the potentials of the form 

-ilog|/'U 

|/'| CT being the derivative of / with respect to the metric a. This approach applies 
to any finite order meromorphic function / that satisfies a growth condition for the 
derivative of the form 

(1.1) \f(z)\ > k~ 1 (1 + |z|r(l + |/(z)P , z G J{f) \ /^({oo}) 

where n > and where a 2 > max{— ai,0}. Such a function will be called dynam- 
ically semi-regular if it is in addition hyperbolic (precise definitions are given in 
Chapters 2 and 4) . Notice that this growth condition is quite natural for many tran- 
scendental functions. Besides the periodic (tangent, sine and exponential as well as 
elliptic) functions also their composition with polynomials and many other functions 
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like the cosine-root family and functions with polynomial or rational Schwarzian 
derivative share this property. 



In the present paper we provide a systematic account of the thermodynamic for- 
malism for dynamically regular functions and tame potentials, i.e. potentials of the 
form 

— t log |/ | CT + h , where t>p/a 

(p being the order of the transcendental function / and a — ai + a 2 coming 
from the derivative growth condition) and h is a bounded weakly Holder function. 
Notice that the added term h not only generalizes the theory of |MyU2| but it 
naturally emerges from the needs of multifractal analysis of Gibbs measures. The 
thermodynamic formalism presented in this paper is also based on good bounds 
for Perron-Frobenius operators which we obtain again by employing Nevanlinna 
theory after having made a suitable choice of a Riemannian metric on C. The 
emerging picture is nearly as complete as in the case of rational functions of Ric- 
mann sphere. We prove variational principle, the existence and uniqueness of Gibbs 
states (with the definition appropriately adapted for the transcendental case) and 
of equilibrium states of tame potentials, and we show that they coincide. There 
is also given a detailed description of spectral and asymptotic properties (spectral 
gap, Ionescu-Tulcea and Marinescu Inequality) of Perron-Frobenius operators, and 
their stochastic consequences such as the Central Limit Theorem, K-mixing, and 
exponential decay of correlations. 

Thermodynamic formalism being interesting itself, we have also applied it to study 
the fractal structure of Julia sets. Already in |MyU2| Bowen's formula was estab- 
lished identifying the Hausdorff dimension of the radial Julia set as the zero of the 
pressure function t i— > P(— t log |/'|o-), and the real-analytic dependence of the Haus- 
dorff dimension on a reference parameter was shown. Recall that the concept of 
the radial Julia set, i.e. points that do not escape to infinity was firmly introduced 
in |UZlj and an appropriate Bowen's formula for exponential functions z t— > Xe z 
was proved in |UZ2| . There, also real-analytic dependence on A was proved. In the 
present paper we went further with applications of the developed thermodynamical 
formalism. Namely, we examined the finer fractal structure of the radial Julia sets 
by developing the multifractal analysis of Gibbs states of tame potentials. Here 
again, the theory turned out to be as complete as for hyperbolic rational functions. 
Indeed, the multifractal spectrum function is proved to be convex, real-analytic 
and to be the Legendre transform conjugate to the temperature function. Here, 
in the last chapter, we went even further, by showing that for a analytic family 
satisfying a two-sided version of the growth condition in a uniform way, the 
multifractal spectrum function is real-analytic also with respect to the parameter. 
Such a fact, up to our knowledge, has not been so far proved even for hyperbolic 
rational functions nor even for the quadratic family z i— ► z 2 + c. 

Looking for a moment at the content of our memoir, let us note that the Chapters 2, 
3, and and 4 deal with functions that satisfy various growth conditions, introductory 
treatment of the transfer operator along with the change of Riemannnian metric, 
application of Nevanlina's theory, most notably Borel sums, various concepts of 
Holderness, and distortion properties. Chapters 5 and 6 cover the core part of the 
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thermodynamic formalism, whereas Chapter 7 touches on more refined properties of 
Gibbs states and Perron-Frobenius operators. Here, the leading idea is to embed the 
potentials holomorphically into a complex-valued family of tame functions and to 
consider the corresponding Perron-Frobenius operators. These are demonstrated to 
depend holomorphically on the (complex) parameter. This technical fact along with 
the Kato-Rellich Perturbation Theorem for Linear Operators is a source of a number 
of interesting consequences. Among them real analyticity of topological pressure 
and other objects like eigenfunctions and contracting "remainders" produced in 
the process of developing the thermodynamic formalism. A uniform version of 
exponential decay of correlations finishes the Section 7.2. 

Section 7.3, Derivatives of the Pressure Function, motivated by the appropriate 
parts of [PUj establishes formulas for the first and second derivatives of topological 
pressure. Even in the classical cases of distance expanding or subshift of finite type 
cases, this is not an easy task. In our present context, the calculations, especially 
of the second derivative, are tedious indeed. We have divided the proofs in several 
steps and provided a detailed ideas of each of them. One of the sources of technical 
difficulties is the fact that loosely tame potentials are unbounded and, therefore, 
do not belong to the Banach space of bounded Holder continuous functions. This 
difficulty is taken care of by Lemma 17.91 

In Chapter 8, where the multifractal analysis is performed on the whole radial 
Julia set J r {f ), we take fruits of all the previous sections, especially Section 6. Real 
analyticity of the multifractal spectrum is established for all dynamically regular 
transcendental maps and Gibbs states of all tame potentials. The multifractal 
spectrum is also shown to be the Legendre conjugate of the temperature function. 
Volume Lemma, the Billingsley's type formula for the Hausdorff dimension of Gibbs 
measures of tame potentials, is proven and, as a by-product, Bowen's formula for 
the Hausdorff dimension of the radial Julia set J r (/) from |MyU2| is reproved. 

Fixing a family of transcendental functions that satisfy again certain natural uni- 
form versions of condition (jl.ip we perform the multifractal analysis for potentials 
of the form 

-tloglf'^+h, 

where ft is a real-valued bounded harmonic function defined on an open neigh- 
borhood of the Julia set of a fixed member of A. We show that the multifractal 
function F^X^a) depends real analytically not only on the multifractal parameter 
a but also on A. As a by-product of our considerations in this chapter, we reproduce 
from |MyU2 , providing all details, the real-analytic dependence of HD(J r (f\)) on 
A (Theorem 19. 1 1[) . At the end of this chapter we provide a fairly easy sufficient 
condition for the multifractal spectrum not to degenerate. 



CHAPTER 2 



Balanced functions 

Here we introduce our class of functions. They are determined via growth conditions 
on the derivative that will be given in the next section. Such growth conditions 
are quite natural and very general in the context of meromorphic functions. We 
illustrate this with various examples in the remainder of this chapter. 

In the definitions to follow appear some conditions on the growth of the deriv- 
ative of the function. It is only necessary that they hold on the Julia set. Let us 
simply recall here that Tf designs the Fatou and J(f) the Julia set of the function 
/ : C — ► C. Since infinity is a point of indeterminacy for / it is more convenient to 
work with the (finite) Julia set 

Precise definitions are given in Chapter U 

2.1. Growth conditions 

We consider meromorphic functions / : C — > C of finite order p = p(f) that satisfy 
the following conditions. 

Definition 2.1 (Rapid derivative growth). A meromorphic function / has rapid 
derivative growth if there are a 2 > max{0, — a{\ and k > such that 

(2-1) \f'(z)\>K- l (l + \z\r(l + \f(z)\^) 

for all finite z G J(f) \ / _1 (oo). 

Definition 2.2 (Balanced growth). The meromorphic function / is balanced 
if there are k > 0, a bounded function ct2 : Sf(f) H C — > [a 2 ,a2\ c]0, oo[ and 
a\ > —a_ 2 = — inf «2 such that 

(2.2) k-^i + + i/^pw) < \f( Z )\ < «(i + \z\ra + \f(z)r {z) ) 

for all finite z G J(f) \ /^M- 

We will make some natural restrictions on the function «2 (given in Definition ^. 5| . 
Notice that most of our work does rely only on the weaker rapid growth condition. 
The balanced version of it is only used in the last two chapters. 

Since we are interested in hyperbolic functions / (the precise definition of hyper- 
bolicity is also given in Chapter 3]) we can and do assume that 

(2.3) |/'| W )>O0 and |/| 1<7{/) > T > 0. 
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The second condition means that € Tf. Under these assumptions the derivative 
growth condition (12. ip can then be reformulated in the following more convenient 
form: 

There are a 2 > 0, a± > —a 2 and k > such that 

(2.4) i/'(*)i>K-vri/(*)h 

for allzEJiftXf- 1 ^). 

Similarly, the balanced condition (|2.2|) becomes 

There are k > 0, a bounded function c\2 '■ ^T(f) — > [2 2 ,c?2] C]0, 00 [ and a 
constant ot\ > — a 2 = — inf a2 such that 

(2.5) K-^ri/^pw < |/' (z )| < K|z|^i/(z)r»w 

/or adze J(f)\f-H°°), 

Throughout the entire text we use the notations 

a = ax + a 2 and, for every r € R, f = ai + r. 



Definition 2.3 (Dynamically regular functions) . A balanced hyperbolic mero- 
morphic function / of finite order p(f) is called dynamically regular. If / satisfies 
only the rapid derivative growth condition then we call it dynamically semi-regular. 

In the geometric applications of the thermodynamical formalism the following no- 
tion is useful. 

Definition 2.4 (Divergence type). A meromorphic function / is of divergence 
type if the series 

(2.6) E(t,w)= Yl 



diverges at the critical exponent (which is the order of the function t — p; w is any 
non Picard exceptional value). In the case / is entire we assume instead of (|2.6p 
that, for any A, B > 0, there exists R > 1 such that 



(2.7) l R I^ldr-BilogRf-^A 

JlogR rH 

where T is the characteristic function of /. 



In the entire case ()2.6|) is not sufficient for our needs. This is why we allow ourselves 
to modify in this case the usual notion of divergence type. This notion is in fact a 
condition on the growth of the characteristic function. For example, if 

liminf > 0, 
then the function is of divergence type. 
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2.2. The precise form of «2 

The meaning of the exponent a\ and, in particular, of the a2-function deserves 
some clarifications and comments. 

For entire functions the balanced growth condition (|2 . 5[) is in fact a condition 
on the logarithmic derivative of the function. Indeed, for all known balanced entire 
functions and, in particular, for the ones we describe below one has a% = 1 and 
a\ = p — 1 with, as usual, p being the order of the function. The balanced growth 
condition signifies then that the logarithmic derivative of the function is of polyno- 
mial growth of order p — 1. For entire functions with bounded singular set this is 
a general fact (see Lemma 3.1 in |MyU2| ). 

For a meromorphic function / with pole b of multiplicity q, we have |/'| x 
near the pole b. If / satisfies the balanced growth condition then necessarily 
QJ2 X 1 + ~ near b. In order to be able to handle meromorphic functions with poles 
of different multiplicities we introduced the variable function ai- It must however 
satisfy the following condition. 

Definition 2.5. If / is entire then we suppose ot2 = 10- If / has poles then 
we suppose that 

sup{<7/, , qb multiplicity of the pole b} < oo 

and that 

go = inf < 1 H , b pole of / > < a.2 < c?2 < oo. 

I lb J 



2.3. Classical families 

We now present various classical families to which the theory of this memoir 
applies. First of all, the whole exponential family f\{z) — Aexp(z), A ^ 0, clearly 
satisfies the balanced growth condition with a.\ = and a.-z = \. More generally, if 
P and Q are arbitrary polynomials such that 

f(z) = P(z)exp(Q(z)) 

satisfies (|2.3p , then 

\f'\= ]P '^ P] \f\*W kBlQ) - 1 \f\ 

which explains that all these functions satisfy the balanced growth condition with 
«i = deg(Q) — 1 and oti = 1. One can also consider functions 

f(z) = Poexp(Q(z)) 

where again P, Q are polynomials such that (|2.3[) is satisfied. Then / is again 
balanced with a± = deg(Q) — 1 and a,% = \. Note that the order of these functions 
is p = deg(Q). Consequently & = 1. 

Since one can replace in these considerations the exponential function by any 
arbitrary balanced meromorphic function g one can produce in this way large fam- 
ilies of balanced meromorphic functions . For example, if P, Q are (non constant) 



In fact, only «2 = c > is needed. 



8 



2. BALANCED FUNCTIONS 



polynomials such that / = P o g o Q satisfies (|2.3|) then / is balanced. 

Assuming still (|2.3p . the following functions are also balanced: 
The sine family. f(z) = sin(az + b) where a, b E C and a ^ 0. 



The cosine-root family. f(z) = cos(vai + 6) with again a, 6 € C and a =^ 0. 
Note that here ol\ = — \ and ct2 = 1 which explains that negative values of «i 
should be considered in (12.41) and (12.51). 



The tangent family. Certain solutions of Ricatti differential equations like, 
for example, the tangent family f(z) = Atan(z), A ^ 0, and, more generally, the 
functions 

ftz) = — with AD-BC^O. 

The associated differential equations are of the form w' = kz k ~ 1 (a + bw + cw 2 ) 
which explains that here a\ = k — 1 and «2 = 2. 

Elliptic functions. All elliptic functions are balanced. Indeed, if / : C — ► C 
is a doubly periodic meromorphic function, then there is R > such that every 
component Vb of / _1 ({z e C : \z\ > R} U {oo}) is a bounded topological disc, and 
there is k > such that for every pole b and any z S Vb \ {b} we have 

<\f(z)\<K\f( Z )\ 1 + t 

K 

where qb is the multiplicity of the pole b. From the periodicity of / and the as- 
sumption \f'\\j(f) > c > easily follows now that / satisfies (|2.5p with a-y = 
and 

o 3 =inf{l + -:6G/- 1 (oo)} ■ 
L qb > 

More generally, the preceding discussion shows that for any function / that has at 
least one pole one always has 

a 2 <inf{lH : b 6 / _1 (oo)| and supjlH : b € / _1 (oo)| < sup a.2(z). 

L qb > ^ qb > z&jtf) 

2.4. Functions with polynomial Schwarzian derivative 

The exponential and tangent functions are examples for which the Schwarzian de- 
rivative 

/" \ ' iff 11 " 



S W-{jj 2 \f> 

is constant. By Mobius invariance of S(f), functions like 

e z , Ae 2 

ana 



Xe z + e z e z — e z 

also have constant Schwarzian derivative. Examples for which S(f) is a polynomial 



arc 



and also 



f(z)= / exp(Q(£)) d£ , Q a polynomial, 
Jo 



„. , a Ai(z) + b Bi(z) , , 

(2.8) f(z) = t ) : ' , - H wii/i ad-bc^Q 

y ' JK ' cAi(z) + dBi(z) r 
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and with Ai and Bi the Airy functions of the first and second kind. These a linear 
independent solutions of g" — zg — and, in general, if g±, g 2 are linear independent 
solutions of 

(2.9) g" + Pg = , 
then / = |j is a solution of the Schwarzian equation 

(2.10) S(f) = 2P. 

Conversely, every solution of (|2.10[) can be written locally as a quotient of two linear 
independent solutions of the linear differential equation (|2.9p . Note that, if g\,g 2 
are two linear independent solutions of (|2.9[) . then the Wronskian W(gi,g 2 ) has 
zero derivative and is therefore constant (and it is non-zero). 

Nevanlinna |Nev3] established that meromorphic functions with polynomial 
Schwarzian derivative are exactly the functions that have only finitely many asymp- 
totical values and no critical values. Moreover, if such a function has a pole, then 
it is of order one. Consequently the maps of this class are locally injective. We also 
mention that any solution of (|2.10[) is of order p = p/2, where p — deg(P) + 2, and 
it is of normal type of its order (cf. |H2j V 



Theorem 2.6. Any meromorphic function f with polynomial Schwarzian de- 
rivative is of divergence type and is balanced provided \f'\\j(f) > c > with 
U\ = deg(S(f))/2 and a 2 £ [1,2]. Moreover, a 2 = 2 if all the asymptotical values 
of f are finite. 



Proof. The asymptotic properties of the solutions of (|2.9|) are well known due 
to work of Hille ([H3], see also (H2j. We follow [Li]). First of all, there are p critical 
directions 8±, ...,6 p which are given by 

org u + p6 = [mod 2tt) 

where u is the leading coefficient of P(z) — uz p ~ 2 + .... In a sector 

Sj = \ \argz - 6 A < — - S ; \z\ > i?| , 

R > is sufficiently large and S > 0, the equation (|2.9p has two linear independent 
solutions 

, , g x {z) = P(z)~iexp(iZ + o(l)) and 

{ ' ' g 2 (z)=P(z)-iexp(-iZ + o(l)) 

where 

f z 2 i 

Z= P(t)i dt = -uh% (l + o(l)) for z^ooinSj. 

J2R.e ia i P 

Therefore, if / is a meromorphic solution of the Schwarzian equation (|2.10p . then 
there are a, 6, c, d € C with ad — be ^ such that 

agi(z) + bg 2 (z) 
cgi(z) + dg 2 (z) 

Observe that f(z) — > a/c if z — > oo on any ray in Sj D {arg z < 6j} and that 
f(z) — ► b/d if z — > oo on any ray in Sj PI {arg z > 9j}. The asymptotic values of / 
are given by all the a/c, b/d corresponding to all the sectors Sj, j — 1, ...,p. 



( 2 - 12 ) J\ z ) = ~ 73, , 1Z f.\ ' z e S i- 
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With this precise description of the asymptotic behavior of / we can now proof 
Theorem 12.61 as follows. The Mobius transformation $(w) = ^w+d sa *i snes the 
differential equation 

(2.13) w$'(w) =a + P<Z>(w) +7$ 2 (w) 

where a = —ab/S, [3 = (ad + be)/ 5, 7 = —cd/5 and 6 — ad — be. If g = g\, g 2 
the functions given by (|2 . 1 1[) , then the meromorphic function / is / = $ o g in the 
sector Sj (see pTT^jl . Note that 

/ = .91.92 - giffg _ W(g 1: g 2 ) _ k_ 

for some non-zero constant k. It follows then from (|2.14|) that 

/' = *' o g g> = -(a + (if + 7 / 2 )4 = — (« + Pf + if)- 
9 92 9i92 

Because of (|2~TT|) . 

9i(z)92(z) = P(z)~? (1 + o(l)) for in Sj. 

This leads to 

\r(z)\-\z\^- 1 \a + f3f(z) + 1 f(z) 2 \ for z e Sj. 

Because of our standard assumption \f'\\jff) > c > it is clear now that / is 
balanced in »/(/) H Sj with a.\ = | — 1 and 012 = 1 or 0:2 = 2 depending on 
7 = —cd/5. In fact, «2 = 1 precisely when cd = 0. Notice that this implies that 
one of the asymptotic values is infinity. 

The sectors Sj, j = l,...,p, cover a neighborhood of infinity. Since / can 

only have simple poles, \f'\ x = |/| 2 near a pole b. From a compactness 

argument follows now easily that / is balanced, i.e. satisfies the condition (|2.5[) . 
and that a 2 = 2 in the case when all the asymptotic values of / are finite. 

It remains to check that / is of divergence type. Take Zq € Sj and let w = f(z ) 
and w = $ _1 (wo). Now, z £ f~ 1 (wo) H Sj if and only if 

q(z) — ^-7—7 = exp (2iZ + o(l)) = w 
g 2 (z) 

(cf. (|2. 1 1|) . Recall that the order of / is p = p/2. From the 1-periodicity of the 
exponential function and since \Z\ x \z\p/ 2 in Sj it follows that 

Z £ Sj 

which precisely means that / is of divergence type. □ 

2.5. Functions with rational Schwarzian derivative 

If / is a meromorphic function with polynomial Schwarzian derivative and if 
Q is any polynomial then it is easy to check that g = f o Q is of divergence type 
and balanced with a\ = deg(Q) — 1 + deg(S(f))/2 and ct2 — 012(f) (still provided 
(|2.3[) holds). Since g has critical points as soon as deg(Q) > 1 it cannot be a 
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function with polynomial Schwarzian derivative. So here we have a first large class 
of balanced functions that are solutions of 

(2.14) S(f) = R 

with R a rational map. Functions with rational Schwarzian derivative have been 
studied by Elfving Elf who generalized the work of Nevanlinna cited above. These 
functions do also fit very well into our context. Let us simply focus on the following 
class of entire functions which have been considered by Hemke in |Hk| : 

(2.15) f{z)= f P(O ex P(Q(0) + c ) P,Q polynomials , ceC. 

Jo 

These maps are precisely the entire functions with only finitely many singular values 
counted with multiplicity (see Corollary 2.13 of |Hk ). 

Proposition 2.7. If / is given by (|2.15[) such that ^ c > 0, then f is 

a balanced function with ot\ — deg(Q) — 1 and oli = 1. 

Proof. For k = 1, ...,deg(Q) define 

(2k + l)ir — arg q 
k deg(Q) 

where q is the leading coefficient of Q(z) = qz deg ^ + ... . Since exp(Q(Re l ® k )) 
decreases very fast when R — > oo, Sk — lim^^oo f(Re' l ^ k ) is a finite asymptotical 
value of /. For z 6 C choose k such that 

^ k deg(Q) ~ ar ® z < ® k + deg(Q) 
and define s(z) = Sk- Lemma 4.1 in Hk] states that 

f(z) = S(Z) + + 0(\z\ d ^P)-deg(Q)yQ(z) j Qr \ Z \> R> Q 

W \ z ) 

It follows that 

|/(z)-s(z)||Q'(z)| = |/'(z)||l + 0(|z| de ^')-^(Q )) | 

which implies 

\f(z)\~\Q'(z)\\f(z)-s(z)\ for \z\>R 
and the assertion follows. □ 



2.6. Uniform balanced growth 

In Chapter 8 we deal with analytic families of dynamically regular meromorphic 
functions. More precisely, the Speiser class S is the set of meromorphic functions 
/ : C — > C that have a finite set of singular values sing(f~ 1 ). We will work in the 
subclass So which consists in the functions / £ S that have a strictly positive and 
finite order p = p(f) and that are of divergence type. Fix A, an open subset of C N , 
N>1. Let 

M A = {f\}\eA C S 
be a holomorphic family of dynamically regular meromorphic functions such that 
the singular points sing^f^ 1 ) = {ai,A, o,d,x) depend continuously on A e A. 
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Definition 2.8 (Bounded deformation). A family A4\ is of bounded deforma- 
tion if there is M > such that for all j — 1, N 

< M\f x (z)\ , A G A and z G 

We will see that this bounded deformation condition yields the existence of a holo- 
morphic motion 

zeJ(fx°)"zx = G x (z)eJ(h) 

that conjugates the dynamics and has the additional property that G\ converges 
to the identity uniformly on the whole plane as A — > A . 

Definition 2.9 (Uniformly balanced). A family A^a is uniformly balanced pro- 
vided every / G A^a satisfies the condition (|2.2j) with ft, «i, «2 independent of 
/ G A4. Concerning aa, this means that for every z G J (fx ) the map 

A G A h- > q 2 ,a(£a) 

is constant. 

Uniform balanced growth holds for various families of meromorphic functions. Here 
are some examples. 

PROPOSITION 2.10. Let / : C — > C be either the sine, tangent, exponential or 
the Weierstrass elliptic function and let f\(z) — f(XdZ d + Ad_i2 d_1 + ... + Ao), A = 
(Ad, Xd-i, • Ao) G C*xC d . Suppose A is a parameter such that f\o is topologically 
hyperbolic. Then there is a neighbourhood U of A such that A4u = {fx \ X G U} 
is of uniform balanced growth. 

Remark 2.11. Instead of the Weierstrass elliptic function one can take here 
any other elliptic function. This follows immediately from the above discussion on 
elliptic functions. Note that then ct2 cannot be taken constant since the poles of 
such functions can have different multiplicities. 

Proof. All the functions / mentioned have only finitely many singular values, 
they are in the Speiser class. The function f\a being in addition topologically 
hyperbolic, its singular values are attracted by attracting cycles. As we already 
remarked in the previous section, this is a stable property in the sense that there 
is a neighbourhood U of A such that all the functions of Mu — {fx ; X <E U} have 
the same property. In particular, no critical point of fx is in J (fx)- The function 
/ satisfies a differential equation of the form 

tf'Y = Q°f 

with Q a polynomial whose zeros are contained in sing(f~ 1 ). For example, in the 
case when / is the Weierstrass elliptic function then 

(/') 2 = 4(/- ei )(/- e2 )(/-e 3 ) 

with ei,e2,e3 the critical values of /. Let A G U and denote Px(z) — XdZ d + 
Xd-iz^ 1 + ... + A . Since 

(fxT = (f'°PxPxT = Q°h(PL) p 



dfx(z) 
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and fx (z) ^ for all z G J {fx), the polynomials P' x and Q do not have any zero in 
J (fx). Consequently 

\P' x {z)\ x Izl^ 1 and \Q{z)\^\z\« on J(/ A ) 

with g = deg(Q). Moreover, restricting U if necessary, the involved constants can 
be chosen to be independent of A <G U. Therefore, 

\f'x(z)\^\fx(z)\i\z\ d -' 

for z e J(fx) an d A e J7. We verified the uniform balanced growth condition with 
cti = d — 1 and a 2 = | depending on the choice of /. In the case of the Weierstrass 
elliptic function one has oti = 3/2. □ 



CHAPTER 3 



Transfer operator and Nevanlinna Theory 



3.1. Choice of a Riemannian metric and transfer operator 

It was observed in M yU2| that one can build the thermodynamical formal- 
ism of the very general class of dynamically semi-regular meromorphic functions 
provided that one works with the right Riemannian metric space (C , da = j \ dz\) . 
More precisely if <fi = — t log \ f\o- is a geometric potential with t > p/a and with 

the derivative of / with respect to the metric <r, then the right choice of the metric 
is 

da(z) — da T (z) 



i + kr 

where r € (0,a 2 ) is such that t > p/r > p/a (for simplicity we will denote the 
metric o~ T just by t). Since we only work on the Julia set J7(/) which we supposed 
to be at some distance from the origin (see ()2.3[) ) we can and do work with the 
simpler form of the metric 

(3.2) d T {z) = \z\~ T \dz\. 

The main idea in |MyU2| was that one could show, with the help of Nevanlinna 
theory that the (geometric) transfer operator 

(3.3) CMw)= E l/'COIrVC*) . V&C b (J(f)), 

zef-Hw) 

is bounded for all t > p/f. In Chapter 5 we systematical deal with a more general 
class of potentials. But let us explain at the moment, with the example of the 
above potentials — t log |/'(z)| T , why Nevanlinna Theory plays the first rate role in 
the understanding of the transfer operator. Suppose / is a function that satisfies 
the balanced growth condition (|2.5p . Then we have (still under the assumption 

(EH)) 



(3.4) \z\ f d \z\ f \f(z)\^- T d \f(z)\r d \zf \f{z)r~ T , z G J(f) \ /-^oo). 

Here and in the whole text the symbols x and ^ signify that equality respectively 
inequality holds up to a multiplicative constant that is independent of the involved 
variables. Notice that the left hand inequality of (|3.4|) is still valid under the weaker 
growth condition (|2.4|) . Therefore we have for a dynamically semi- regular function 
/ the estimation 

E \*\- ft ± E \*\-« ,«6W. 
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and this last sum, which we also call Borel sum, is very well known in Nevanlinna 
theory. The next Section provides all necessary details related to the behavior of 
this sum which, in particular, give boundedness of the transfer operator. 



3.2. Nevanlinna Theory and Borel Sums 

The reader may consult, for example, |Hy| , [HI] . [JVj . [Nevlj . [Nev2j or |CY] 
for a detailed exposition on meromorphic functions and on Nevanlinna theory. In 
the whole text we use the terminology meromorphic function for a transcendental 
meromorphic function / of the plane C into the sphere C and we always suppose 
that / is of finite order 

.,. ,. log T(r) 
P = P\f) = hmsup — : < oo. 

r^oa bgr 

Here and in the following we use the standard notation of Nevanlinna theory. For 
example, n(r, a) is the number of a-points of modulus at most r, N(r, a) is defined 
by dN(r,a) — n(r,a)/r and T(r) is the characteristic of / (more precisely the 
Ahlfors-Shimizu version of it; these two different definitions of the characteristic 
function only differ by a bounded amount). Notice that / is of finite order p if and 
only if the integral 

f°° T(r) 

(3-5) J ^Mdr 

converges for u > p and diverges if u < p. This integral may converge or diverge 
for the critical exponent u = p. Following Valiron we introduce the following (and 
remember that for entire functions we take the different version given in (|2.7|) . 



Definition 3.1. A meromorphic function / of finite order p is of divergence 
type if 

T(r) 



rP+l 



dr = oo . 



More adapted for our concerns will be the characterization of the order and the 
divergence type in terms of the sum 

(3.6) T,(u,a) = > ae ^- 

f(z) = a 

The relation between this sum and the integral (|3. 5|) goes via the average counting 
number N(r, a) and Nevanlinna's main theorems. The first main theorem (FMT) 
as stated in [Erj or in |H1| p. 216] yields 



Corollary 3.2 (of FMT). For every a G C there is 6 a > such that 

N(r, a)~Q a < T(r) for all r > 0. 

In the case /(0) ^ a one has O a = — log[/(0),a] where [a, b) denotes the chordal 
distance on the Riemann sphere (with in particular [a, b] < 1 for all a, b G C). 
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From the second main theorem (SMT) of Nevanlinna we need the following 
version which is from |Nevl| p. 257] ( |Nev2| p. 255] or again [HI] ) and which is 
valid only since / is supposed to be of finite order. 

Corollary 3.3 (of SMT). Let oi, 02,^3 e C be distinct points. Then 

T(r) < N(r, a{) + N(r, a 2 ) + N(r, 03) + S(r) 
for every r > and with S(r) = C(log(r)). 

Putting together these two results one has for any r > 0, any three distinct points 
o-i, a-2, 0-3 € C and any a € C that 

(3.7) N(r, a)-Q a < T(r) < N{r, a x ) + N(r, a 2 ) + N(r, 03) + S(r). 

The error term S(r) also depends on the points aj. It has been studied in detail and 
sharp estimates are known. The following results from Hinkkanen's paper [Hk] and 
also from Cherry- Ye's book |CY] . We use here the notion of hyperbolicity which 
is defined in the next section. 



Lemma 3.4. Let / be a hyperbolic meromorphic function of finite order p that 
is normalized such that € D(0, T) C T h /(0) ^ {0, 00} and /'(0) ^ 0. Then, for 
every A < T/4, there exists C\ = Ci(A) > and C 2 > such that 

4N(R + A, a) > T(R) ~ (3p + 1) log R - C x - C 2 log |o| 

for every a E J{f) and every R> T. 

Proof. Since / is expanding there is c > such that |/'(z)l > c > for all 
z e J(f). Let < A' < min{<5(/),T} such that A = 2KA'/c < T/4 where K is an 
appropriate Koebe distortion constant. Consider then a S J{f) and a' € D(a, A'). 
Since all the inverse branches of / are well defined on D(a, 2A') we have 

n(r + A, a) > n(r,a') , r > 0. 

Consequently 

N(R,a') = [*?M dr< f*n(r + A,a) dr 
Jo r Jo r 

— n(t,a) t dt< Tf—nM dt 



t t - A ~ T- A J T t 
4 

< -N(R + A, a) for every R> T. 

Choose now 01, a 2 , 03 € D(a, A'), any three points that satisfy — a,-| > A'/3 for 
all i ^ j. It follows then from the sharp form of SMT given in [Hkj . the fact that 
/ is of finite order, along with the normalisations stated in the lemma that 

3 

4N(R + A,a) > ^2N(R, ai )>T(R)- S(R,a 1 ,a 2 ,a 3 ) 

i=l 

> T(R) — (3p + 1) log J? — Ci(A) — C 2 log \a\ 
for every a £ J(f) and for all R> T. □ 



18 



3. TRANSFER OPERATOR AND NEVANLINNA THEORY 



It follows from SMT that the convergence of the integral (|3.5j) implies the conver- 
gence of 

(3-8) f°®£* 

for all a e C. Conversely, if the integral (|3.5p diverges then (|3.8|) also diverges for 
all but at most two (the Picard exceptional values) points a E C . 

Let us now come back to the sum (13.61) . If < ro < r, then by the definition 
of the Riemann-Stieltjes integral and with integration by parts, 

dn(t,a) n(r,a) n(r ,a) f r n(t,a)dt 



(3-9) £ M-*=/™ = ^-=^+»/ 
f(z) = a 



r < \z\ < r 



n(r,a) n(r ,a) ( N(r,a) N(r ,a)\ 2 f r N(t,a)dt 
( 3 - 10 ) =— T,. Z^+ u — 7,, ~u + u 



fU+l 



It follows now easily that the convergence behavior of £(u,a) is the same as the 
one of the integral (|3.8p . We thus have 



Theorem 3.5 (Borel-Picard) . Let / be a meromorphic function and let £f C C 
be the set of the (at most two) Picard exceptional values. Then / is of finite order 
p if and only if 

£(it,a) < oo if u> p and 
S(u,a) = oo if u < p 

for all a G C \ £/. Moreover, E(p, a) = oo for some a G C if and only if 

£(/j, a)=oo for all o£C\£/. 



The following uniform estimate is crucial for our needs. 



Proposition 3.6. Let / be meromorphic of finite order p and let JC C C such 
that /(0) ^ JC) > 0. Then, for every u > p, there is M u > such that 

£(u,a) = - — — < M u for all a G K . 

/(*)=« 1 1 

Proof. Let < r < dist(0, / _1 (/C)). Then n(r ,a) = N(ro,a) = and 

E, n(r, a) ^("r, a) 9 /" r (i, a) <i£ 



/(z) = a 
r < |z| < r 



+U+1 

r 1 



for every a E JC and r > r^. We have linv^oo = lim,.^oo jV ( 1 j a - > = since 

u > p. It follows from the assumption dist(0, f~ 1 (IC)) > that the constant 6 a 
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in FMT (Corollary 13. 2p can be chosen to be independent of a € JC. It follows that 
there is A u > such that 

E(tt,a) < / -^fdr + A =: M u 

for every a S /C. □ 



CHAPTER 4 



Preliminaries, Hyperbolicity and Distortion 

Properties. 

4.1. Dynamical preliminaries and hyperbolicity 

For a general introduction of the dynamical aspects of meromorphic functions 
we refer to the survey article of Bergweiler [Bwlj . We collect here the properties 
of interest for our concerns. The Fatou set of a meromorphic function / : C — ► C is 
denoted by Tf. It is defined as usual as to be the set of points z £ C for which there 
exists a neighborhood U of z on which all the iterates f k , k > 1, of the function / 
are defined and are normal. The complement is the Julia set J(f) = C\J-f. We 
write 

J(f) = J if) n c. 

By Picard's theorem, there are at most two points zq £ C that have finite backward 
orbit 0~ (zq) = U n >o f~ n ( z o)- The set of these points is the exceptional set Ef. 
In contrast to the situation of rational maps it may happen that Ef C J{f)- 
Iversen's theorem [Tvl INevlj asserts that every z Q £ Ef is an asymptotic value. 
Consequently, Ef C sing(f~ 1 ) the set of critical and finite asymptotic values. The 
post-critical set Vf is defined to be the closure in the plane of 

n>0 

The Julia set splits into two dynamically different subsets. First, there is the 
escaping set 

Ioo(f) = {z£j(f); lim /"(*)= oc}. 

n — »oo 

And, more importantly to us, its complement, the radial (or conical) Julia set 

Mf) = J(f)\Ioo(f). 

The Hausdorff dimension of the radial Julia set will be called hyperbolic dimension 
of the function /. 

Remark 4.1. We like to mention that L. Rempe in [Remj introduced a differ- 
ent radial Julia set. Let us denote it by A/. A point z £ J(f) is a radial point of 
A/ if there is 5 > and rij — > oo such that 

n ■ Com Pz (D a (n(z),S)) — ► A r (/»' (*),*) 

is univalent where, this time, a stands for the spherical metric in C. In other words, 
there are arbitrary small neighborhoods of z that can be zoomed in a univalent way 
by some iterate of the function / to a disk of a fixed spherical size. This definition 
naturally emerges from the notion of conical limit set of Kleinian groups or the 
conical Julia set from rational functions. 
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For our needs it is more convenient to use J r {f) and both sets are closely 
related for hyperbolic functions. Indeed, for a hyperbolic function / we always 
have Jr(f) C Af and we will see that the difference A/ \ J r {f) is dynamically 
insignificant in the sense that, firstly, all the Gibbs measures and equilibrium states 
have total mass on J r {f) (Proposition 15.21"]) and, secondly, both sets have same 
Hausdorff dimension (Proposition 18. 4|) . In particular, in the above definition of 
the hyperbolic dimension one can take either one of these radial sets. Notice also 
that L. Rempe showed that the hyperbolic dimension equals the supremum of the 
hyperbolic subsets of J(f) (which is indeed the usual definition for the hyperbolic 
dimension) . 

A classical fact based on Montel's theorem and the density of repelling cycles 
is that if U is any open set with nonempty intersection with the Julia set and if K 
is any compact subset of J{f) 1 then there is N > such that f N (U) D K. The 
following is more convenient for our needs. 

Lemma 4.2. Let 5 > and denote U w — D(w, S). For any R > there exists 
N = N(R) > such that, UK — J(f) n D(0,R), then f N (U w ) D K for any 

w e K. 

Proof. Suppose to the contrary that there exists R > and, for any N > 0, 
w N e K = J(f) n D(0, R) with K \ f N (U WN ) ^ 0. We may suppose that w N -> 
w 6 K. But then there is Nq > such that f N (D(w,6/2)) does not contain K for 
any N > Nq. This is impossible. □ 

4.1.1. Hyperbolicity. Let us introduce the following definitions. 

Definition 4.3. A meromorphic function / is called topologically hyperbolic if 

5(f) :=idist (J(f),V f )>0. 
and it is called expanding if there is c > and 7 > 1 such that 

I (/")'(*) I > c 7 " for all z e J(f) \ rV) ■ 
A topologically hyperbolic and expanding function is called hyperbolic. 

The Julia set of a hyperbolic function is never the whole sphere. We thus may and 
we do assume that the origin € Tf is in the Fatou set (otherwise it suffices to 
conjugate the map by a translation). This means that there exists T > such that 

(4.1) D(0,T)nJ(f) = ®. 

Here we simply justified and quantified the second part of the assumption (|2.3|) . 

It is well known that in the context of rational functions topological hyperbol- 
icity and expanding property are equivalent. Neither implication is established for 
transcendental functions. However, under the rapid derivative growth condition 
(|2.4|) with a\ > topological hyperbolicity implies hyperbolicity. 

Proposition 4.4. Every topologically hyperbolic meromorphic function satis- 
fying the rapid derivative growth condition with a\ > is expanding, and conse- 
quently, hyperbolic. 



4.1. DYNAMICAL PRELIMINARIES AND HYPERBOLICITY 



2:S 



Proof. Let us fix 7 > 2 such that jk T a > 2. In view of rapid derivative 
growth (|2~4"]l and gTT| 

(4.2) \f'(z)\ > K~ x T a for all z e J(f) 
and 

(4.3) |/'WI>7 forall zef-\j{f)\D(0,R)) 

provided R > has been chosen sufficiently large. In addition we need the following. 

Claim: There exists p > 1 such that 

|(/ n )'(z)| > 7 /or 7i > p and z G 25(0, R) n ^(/). 

Indeed, suppose on the contrary that for some n p — > 00 and z p G -D(0, i?) PI J7(/) 
we have 

(4-4) |(/" P )'(z p )|< 7 . 

Put 5 = 5(f). Then for every p > 1 there exists a unique holomorphic branch 
/T" p : L>(/"f(z p ),2 ( 5) -> C of f~ n * sending /"»(*p) to z p . It follows from \- 
Koebe's Distortion Theorem (cf. Lemma |4"1)]) and (|4.4[) that 

(4.5) /,-"*(£(/"* 25)) D D(2 p ,o/(2 7 )) 

or, equivalcntly, that f n "(D(z p , 0/(27))) C Z?(/™ p (z p ), 2o). Passing to a subse- 
quence we may assume without loss of generality that the sequence {zp}^! con- 
verges to a point z e Z)(0,i?) n J{f). Since D(V f ,2S) n D(f n p(z p ), 26) = for 
every p > 1, it follows from Montel's theorem that the family {f np \D(z,(2-y)- 1 8)}° C '- 1 
is normal, contrary to the fact that z € J(f\ The claim is proved. 

Let p = p("f, R) > 1 be the number produced by the claim. It remains to show 

that 

|(/ 2P )»|>2>1 for every z € J(f). 

This formula holds if \f j (z)\ > R for j = 0, 1, ...,p because of (@~2]), (|4~3]) and the 
choice of 7. If |/ J '(z)| < R for some < j < p, the conclusion follows from (|4.2j) 
and the claim. □ 



4.1.2. Analytic families. Let us recall that the class of Speiser S consists in 
the functions / that have a finite set of singular values sing(f~ 1 ). The classification 
of the periodic Fatou components is the same as the one of rational functions 
because any map of S has no wandering nor Baker domains |Bwlj . Consequently, 
if / G S then / is topologically hyperbolic if and only if the orbit of every singular 
value converges to one of the finitely many attracting cycles of /. This last property 
is stable under perturbation, a fact that is needed for the next remark: 

Fact 4.5. Let / A o e H be a hyperbolic function and U C A an open neighbor- 
hood of A such that, for every A G U, fx satisfies the balanced growth condition 
(|2.5p with k > 0, cti > and a 2 > independent of A € U. Then, replacing U by 
some smaller neighborhood if necessary, all the fx satisfy the expanding property 
for some c, p independent of A G U . 
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4.2. Distortion properties 

We start with the following well-known result. 

Lemma 4.6 (Koebe's Distortion Theorem). There exists a constant K 2 > 1 
such that if D C C is a geometric disk, and g : D — > C is a univalent holomorphic 
function, then for all w, z £ \D 

\-K 2 \z-w\< ^-fj^A <l + K 2 \z-w\, 

Is' 0)1 

or equivalcntly 

||5'H|-| ff '(z)||<X 2 | ff '(z)|k-H- 
Since log(l + x) < a; for all x > —1, it follows from the first inequality above that 

|log|</H|-log| S '(z)|| <K 2 \z-w\. 

Given T > we denote by Kt the class of all univalent holomorphic functions 
whose domains are geometric disks in C \ D(Q,T) with Euclidean radii < 1 and 
whose ranges are contained in C \ D(0, T). We shall prove the following Lemma in 
which we write again 

(4-6) \g'{z)\ r = \g'{z)\^^ 

Is0)r 

the derivative of g with respect to the Riemannian metric r (given in (|3.2jl ). 



Lemma 4.7. There exists a constant K = K t ^t > 1 such that if g : D 
belongs to ICt, then for all z, w € hD, 

|log \g'(w)\ T - log \g'{z)\ T \ < K(l + \g'(z)\)\z - w\ 

and 

1 <K(l + \g'(z)\)\z-w\. 



l<?'0)|r 



PROOF. Rewrite (|4.6j) in the logarithmic form: 

log \g'(0\r = log \g' (01 + r log lei - r log |p(£)|. 
Then, using in turn the second part of Lemma 14.61 
|log| ff 'M| r -log| ff '(z)| T | = 

= |log \g'(w)\ - log | 5 '(z)| + r log(M/M) + r log(| 5 (z)|/| 5 M|)| 

< Hog \g'H\ - log \g'(z)\\ + r log (l + ^) + .log (l + 

T T 

< # 2 |2 - w| + |w - z| + |g(z) - 

< X 2 |z - w| + tT^V - z| + rT _1 (l + i^ 2 |z - H)lff'0)ll z - w\ 

< ((K 2 + tT- 1 ) + {tT-\1 + 2K 2 )\g'{z)\) \z - w\ 

< [K 2 + tT~ 1 {1 + 2K 2 )){1 + \g\z)\)\w - z\, 
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and the first formula constituting our lemma is proved. Applying to it the Mean 
Value Theorem, we get with some A G [min{|g'(w)| T , |g'(z)| r }, max{\g' (w)\ T , |g'(-z)|r}], 
that 

A ^ llff'HIr - \g'(z)\r\ < K(l + \g'{z)\)\z ~ w\. 
So, invoking the first part of Theorem 14.61 we get 

\\g'{w)\ T - \g'{z)\ T \ < K(l + K 2 )\g'(z)\(l + \g'(z)\)\z - w\, 
and the second part of our lemma is also proved with appropriately large K > 1. □ 

Denote by JC^f the subclass of JCt consisting of those functions g for which ||.g'||oo < 
M. Lemma |4"771 takes then the following form. 

Corollary 4.8. There exists a constant K = K t ,t,m > 1 such that if g : D — > 
C is in JC^ , then for all z, w G \D, 

\\og\g'{w)\ T -\og\g'(z)\ T \<K\z~w\ 

and 

\g'H\r 



i 



< K\z-w\. 



WW* 

Here is the typical example of application of the above distortion lemmas. 

Lemma 4.9. Let / : C — > C be a hyperbolic meromorphic function and let 
6 = 5(f) > 0. For every r > there exists a constant K T > 1 such that for every 
integer n > 0, every w G J(f), every z G f~ n (w) and all x, y G D(w,S) , we have 
that 

(4 7) if- 1 < ii£ !ZMk < k 

{ ' ' -\{f-)>{x)\r- KT - 

Here and in the rest of the text /~" signifies the inverse branch of f n defined 
near f n (z) mapping f n (z) back to z. 

4.3. Holder functions and dynamical Holder property 

Let / : C — ► C be a meromorphic hyperbolic function and denote d = 6(f) 
the constant given by the topological hyperbolicity of /. Fix (3 G (0,1]. Given 
h : J(f) - C, let 

v (h) = mp V, ~ k ,„ for all x,y G J(f) with < \y - x\ < 8 
{ \y-x\P 

be the /3-variation of the function h. Any function with bounded /3-variation will 
be called f3-Holder or simply Holder continuous if we do not want to specify the 
exponent of Holder continuity. Let 

\\h\y = v p (h) + \\h\ioo. 

be the norm of the space 

H/3 - Rp(J{f)) - {h : J(f) ^C:\\h\y< oo}. 
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Any member of Hp will be called a bounded (3-Holder continuous function. The 
function log|/'| T is not necessary Holder continuous which is the reason for the 
following slightly more general form of Holder continuity. In order to introduce it 
consider w G J{f) and denote the /3-variation of a function h : J{f)C\D{w, 6) — ► C 

by 

(4.8) ^,„,(/i)=sup( |/l(3:) ~y i ; x,yeJ(f)nD(w,S) 

A function h : J'(f) — > C is called f3-weakly Holder continuous if Vp iW (h o J" 1 ) is 
bounded uniformly in w G c7(/) and a G f^ 1 (w). Denote 

Vg(/i) = sup sup Vf3. w (ho f- 1 ). 
wej(f) aef-^w) 

and let H^ be the space of bounded weakly [3-Holder continuous functions equipped 
with the norm 



Both spaces Hp, H^" endowed with their respective norms are Banach spaces densely 
contained in the space of all bounded continuous complex valued functions Cb with 
respect to the || • ||oo norm. 

Lemma 4.10. If / : C — * C is a hyperbolic meromorphic function, then 

(1) H f cH; with HI -|||^ ±lb and 

(2) log|/'| T is weakly 1 -Holder continuous. 

PROOF. The inclusion of the spaces with control of the respective norms results 
from the expanding property of /. The second assertion is a consequence of the 
distortion Lemma [4~71 □ 

Given n > 0, let 
(4.9) S n h{z) = h(z) + h(f(z)) + ■■■ + HP- 1 ^)). 



Lemma 4.11. For every (3 > there exists cp > such that if h : J(f) — * C is 
a weakly /3-Holder function, then 

\S n h(f- n (y)) - S n h(f- n (x))\ < cpVp{h)\y - xf 

for all n > 1, all x,y G J{f ) with \x — y\ < 5 and all v G f~ n (x). 

Proof. Denote a = f~ n {x) and b = fy n {y). For k = 0, n — 1 we have that 

Hf(b)) - h(f k {a))\ < Vp(h)\f k+1 (b) - f k+1 {a)\P < c-PVp{h)^ k+1 - n ^\y - xf 

by Koebe distortion (cf. (|4.6p ) and the expanding property. Since 7 > 1, 

\S n h(b) - S n h(a)\ < - ° _M h)\y - xf 
1 — 7 • 

which proves the lemma. □ 

A simple application of the Mean Value Theorem to the function z 1— » e z 
together with the previous Lemma 14 . 1 1 1 gives the following. 
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Lemma 4.12. Let h : J{f) —* C be a weakly /3-H61der continuous function. 
Then there exists a constant c depending only on j3 and the variation Vp(h) such 
that 

| exp(S n h(f- n (y))) - e X p{S n h(f- n (x)))\ < c \exp(S n h(f- n (x))) \ \y - xf 
for all n > 1, all x, y e J7"(/) with \x — y\ < S and all v e f~ n (x). 



CHAPTER 5 



Perron— Frobenius Operators and Generalized 
Conformal Measures 

In this chapter we develope and generalize [MyU2j building up the thermodynami- 
cal formalism for a very general class potentials. The culminating point is the proof 
and formulation of Theorem 15.151 Throughout the whole chapter we suppose that 
/ : C — > C is dynamically semi-regular, i.e. a hyperbolic meromorphic function of 
finite order p that satisfies the growth condition (|2.4|) . 

5.1. Tame potentials 

The class of potentials we have in mind is the following. 

Definition 5.1. A function <f> : J(f) — > C is called tame (or, more precisely, 
(t, j3) -tame) if there is t > — and a bounded weakly /3-Holder continuous function 
h : J(f) -> C such that 

<Kz) = -tlog\f'(z)\ aa +h(z) , zej(f). 

A function <j> that satisfies this definition but with arbitrary t S R (or with t > 0) is 
called loosely tame (respectively + -tame) . We also use these notions of tameness 
for complex- valued functions. 

Note that in this definition we have taken the derivatives with respect to a fixed 
metric (depending on / only). But for any tame $ = — t log \f'\ a + ft. we can make 
a cohomologous change of potential and (without changing the name) switch to 

cf>(z) = -t log \f'(z)\ T + h(z) = $(z) + (a 2 - r)t( log \z\ - log |/(z)|), 

where 

(5.1) t e (0,On) is chosen such that t > 4 = — - — > — • 

r ct\ + t a 

Since cohomologous functions share the same Gibbs (or equilibrium) states (see 
Theorem I6.19[) and since the whole point of this work is to study ergodic and 
geometric properties of Gibbs states, we can and do work with (f> as well as with 
$. In other words, we can work with the metric dr we like to and we will indeed 
always take r depending on t > p/a such that (|5.1[) is satisfied. 

Now we collect some basic properties for these potentials. Notice first that every 
loosely tame function is a (usually unbounded) weakly Holder continuous function 
(cf. Lemma 14. 10|) . The distortion properties given in Lemma 14.111 and in Lemma 
14.121 yield the following. 



21) 
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Lemma 5.2. For every loosely tame potential <fi = — t log |/'| T + h : J(f) — ► C, 
h G H^ 1 , there is c@ > such that 

\S n <f>(f- n (y)) ~ S n 4>(f- n {x))\ < cpV p {h)\y - xf 

for all n > 0, all z G J(f), all v £ f~ n (z) and all x, y G D(z, 5). Here K > 1 is the 
distortion constant from Lemma 14.71 



We also have a dynamically Holder property for loosely tame potentials. 

Lemma 5.3. If <f> : J{f) — ► C is a (£, /3)-loosely tame potential, then there 
exists c = C0 > depending only on (3 and V^(0) such that 

| exp(S„0(/-"(y))) - e X p(,9„^(/-"(x))) | < c |exp(S„<X/-"(x))) | \y - xf 

for all n > 0, all z G ,7(/)> all w G f~ n {z) and all x,y a D(z, 5). 

As an immediate consequence of this lemma, applied with n = 1 , and the left-hand 
side of (|3.4p . we get the following. 



Corollary 5.4. If cj> : J(f) — > C is a (i,/3)-tame potential with t > and 
/3G (0,1], then G H^. 

5.2. Growth condition and cohomological Perron Frobenius operator 

Throughout the rest of the chapter we consider <fi = — tlog|/'| r + h a tame 
potential with real- valued function h G Hg. The transfer operator £^ associated 
to a tame potential <fi is defined by 

(5.2) C*g(w)= J2 9(*)exp(<K*))= E sWOOIr' exp(fc(*)) 

where g is a function of the Banach space Cb{Sf{f)) of bounded continuous functions 
on J{j). If we deal with (geometric) potentials <f> = ~ ^l°g |/'|t then we also use 
the notation C t for C-t\ g\f'\ r ' Note that for n > 1 

£$ffH = E ffW exp(S n <^)) 

and 

(5-3) ^(^•^2o/ n )=V2^i- 
for all functions ipi,ip2 ■ J{f) — ¥ C. We also have 

l^fll < ell h "»A|5| /or aft 5 G C 6 (J(/)) 

and, in particular, 

¥w^*iw= E i/w = E i/'wrvr^i/cor 

(5-4) Rt 

,|t(a,-r) l Z l 



|U,|t(2 



because / satisfies the growth condition (|2.4p . From the Borel-Picard Theorem 
we see that the last sum is finite. From our standard assumption ^ J{f) and 
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since tr > p we get that the uniform control of this last sum given in Proposition 
13.61 applies and explains that there are M.$,M$ > such that 

(5.5) £ 1H < H ^_ r) < for all w £ J(f) . 

Put 

M u := M_„ log |//| r if u > p/r. 

This uniform control secures continuity of the operator on the Banach space 
C&(t7(/)) of bounded continuous functions endowed with the standard supremum 
norm. We therefore have 



Theorem 5.5. Assume that / : C — > C is dynamically semi-regular. Then, for 
every tame potential <fr, the transfer operator is well defined and acts continu- 
ously on the Banach space Cb{J{f))- 

We conclude this part with the following two observations. 

Lemma 5.6. Let 5 = 6(f) > 0, let <fi = — t log |/'|cr +h be a tame potential and 
let c = c(/3, Vp(<j))) be the constant given in Lemma \5. 31 Then 

- q,1{wi)\ < cC%l(wi)\wi - w 2 f 

and 

q,l{w x ) < (1 + c\wi - w 2 f)C^l(w 2 ) 
for every n > and for all 101,102 € J'(f) with |ioi — 102! < S. 
Proof. For 101,102 € JX/) with |ioi — 102I < 5 we have 

aG/-"(u) 2 ) 

d £ e^Wltwa-Wil" 

aG/-"(u) 2 ) 

because of Lemma 15.31 □ 



a S n 4(f- n (wi)) _ e S n <p(a) 



Lemma 5.7. For every tame potential <j> and for every R > there exists 
K<t>.R > 1 such that 

££l(wi) < K^ R £^l(w 2 ) 
for every n > and for all wi,w 2 £ J{f) H -D(0, i?). 

PROOF. Let 5 = £(/) > and set K = J(f)f~)D(0, R). LemmaEHZl asserts that 
there is N = N(R) > such that for any 101,102 £ K there is z £ D(wi, 6) with 
f N (z) = u; 2 . Hence £^ +Jv l(w 2 ) > e s "^( 2 )£^l(z). It follows from the previous 
Lemma 15.61 that there is C — C ((f)) > 1 such that 

Cp.{w{) < CC;Mz) < Ce- SN ^ z) £^ +n l(w 2 ) < Ce~ SN ^ z) M^C^l(w 2 ) 

for every n > 0. The assertion follows because the function exp(— Sn) is well- 
defined and continuous on the compact set J(f) n D(0,R + S) H f~ N (K), and 
therefore it is bounded there. □ 
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5.3. Topological pressure and existence of conformal measures 

We first need the notion of topological pressure. Let us start with the following 
simple observation. 

Lemma 5.8. The number limsup n ^ oc — \ogC^l(w) is independent of w € 
J(f)- 

PROOF. Let 101,101 € J{f) be any two points and denote again 5 = 5(f). 
Lemma [5T71 yields that there is k = k(<j),\wi\,\w2\) > such that 

< kC^t(w 2 ) for every n>0. 

Therefore 

lim sup — log C 2 1 (101) < lim sup — log £^ 1(102) 

n — >oo ri n — >oo Tl 

which shows the lemma. □ 

Definition 5.9. The topological pressure of (j> is 
(5.6) P{4>) = PO,u>) = limsup- log C% l(io) , 10 G J (J). 

n — >oo ^ 

We will see later ( Corollary 15. 18)) that the sequence ^ log£^l(u>), w G J{f), 
actually converges which permits then to define the pressure P(0) as the limit of 
this sequence. 

Further properties of transfer operators C<f> rely on the existence of conformal 
measures. 

Definition 5.10. A probability measure is called pe~^ -conformal if one of 
the following equivalent properties holds: 

1) For every E C J{f ) such that f\E is injective we have 

m <t> (f(E))= [ pe~*dm^. 

JE 

2) is an eigenmeasure of the adjoint £*j °f the transfer operator Cp with 
eigenvalue p: 

C\m^ = pm^. 

The equivalence between these conditions is a straightforward calculation (see 
for example [DUlj where the finiteness of the partition can be replaced by its 
countability) . 

If the Holder function h = then we deal with geometric potentials <f> = 
— tlog|/'| CT and we simply denote by m t the conformal measure m_ t \ os \fi\ a . Note 
that then the measure mf , the Euclidean version of mt, defined by the requirement 
that dml(z) — \z\ a2t dm t (z) is p|/'|*-conformal (but mf is not necessary a finite 
measure) in the sense that 

m|(/(A)) = / p\f'Um e t . 

J A 

Our aim now is to construct conformal measures for a given tame function </> with 
the precise information on the conformal factor, namely we want to have p = 
e p W . I n the case the conformal factor p = 1 or, equivalcntly, if the topological 
pressure P(0) = 0, and if the potential is (j) = — ^logl/'U these measures are 
simply called t-conformal. In [Su] Sullivan has proved that every rational function 
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admits a probability conformal measure. As it is shown in |MyU2| , in the case of 
meromorphic functions the situation is not that far apart. All what you need for the 
existence of a conformal measure is the rapid derivative growth; no hyperbolicity 
is necessary 0. We adapt here the very general construction of |MyU2| in order to 
get 



Theorem 5.11. If / : C ^ C is a meromorphic function of finite order with 
non-empty Fatou set satisfying the growth condition (|2.4[) . then for every tame 
potential <fi there exists a Borel probability e p ^- > e~^-conformal measure on 
J{f)- 

The rest of this section is devoted to the proof of Theorem [5TTTJ We may again 
assume without loss of generality that ^ J{f)- Fix w G J{f)- Observe that the 
transition parameter for the series 

oo 

71=1 

is the topological pressure P(^). In other words, E s = +oo for s < P((f>) and S s < 
oo for s > P(0). We assume that we are in the divergence case, e.g. Sp(^) = oo. 
For the convergence type situation the usual modifications have to be done (see 
[DUlj for details). For s > P(0), put 

1 OO 

^ = -E e ~" s (^r^- 

n— 1 

The following lemma follows immediately from definitions. 
Lemma 5.12. The following properties hold: 
(1) For every g £ C&(C) we have 

OO p ^ CO 

3 d ". = Wa E e ~" s J = E e ~ ns ^H ■ 



n=l 

(2) u a is a probability measure. 



1 1 00 

(3) -c%v s = — E e-^ s (c; +1 ys w = v s 



n—1 

The key ingredient of the proof of Theorem l5.11l is to show that the family (^ s ) s >p(0) 
of Borel probability (see Lemma r5.12f 2)) measures on C is tight and then to apply 
Prokhorov's Theorem. In order to accomplish this we put 

U R = {z G C : \z\ > R} 

and start with the following observation. 

Lemma 5.13. For every (i, /3)-tame potential </> there is C — C(<f>, r) > such 

that 

C 

£$(1 Ur )(w) < for every w G >/(/), 

where 7 = *~^ r . 



^Since / is not supposed to be hyperbolic Tf = may occur. But then the Lebesgue measure 
is 2-conformal. 
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PROOF. We have that 4> = —t log |/'| T + h with t > - and h a bounded Holder 
continuous function. From the growth condition (|2.4|) and Proposition l3.61 similarly 
as (15. 4|) , we get for every u> € J{f) that 



-ft 



\ W \t(QL2- T ) 

zef- 1 {w)r\u R 1 1 ^eZ-^^nc/fl 

< 1 V u,-(**r> < £(M 

*£/-!(>) 

□ 

Now we are ready to prove the tightness we have already announced. We recall 
that this means that 

Ve > 3R > swc/i that v s (U R ) < e for all s > P(</>) . 



Lemma 5.14. The family (V,s)s>P(» of Borel probability measures on C is tight 
and, more precisely, there is L > and 6 > such that 

v s {Ur) < LR- & for all R> and s > P(^) . 

Proof. The first observation is that 

C; +1 (1 Ur )(w) = E E e^lf'iz^e^Kn'iy)]-' 

yef-"(w)zef- 1 (y)nu R 

where the last inequality follows from Lemma [5.131 Therefore, for every s > P(0), 
we get that 

n—1 n— 1 

n— 1 

This shows Lemma 15.141 and the tightness of the family (v s )s>p(4>)- D 



Now, choose a sequence {s^}^, Sj > P(0), converging down to P ((/>). In view 
of Prokhorov's Theorem and Lemma r5.14[ passing to a subsequence, we may assume 
without loss of generality that the sequence {vs^JLi converges weakly to a Borel 
probability measure on J(f). It follows from Lemma 15.121 and the divergence 
property of £p(<jj) that C^m^ = e^^m^. The proof of Theorem 15. Ill is complete. 

5.4. Thermodynamical Formalism 

We can now establish the following main result of this chapter. 

Theorem 5.15. If / : C — ► C is a dynamically semi-regular meromorphic 
function, then for every tame potential (f> the following are true. 
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(1) The topological pressure P(0) = linin-^oo i log£^l(ui) exists and is inde- 
pendent of we J{f)- 

(2) There exists a unique pe - ^-conformal measure and necessarily p = 
e p (0) Also, there exists a unique Gibbs state p^, i.e. p^ is /-invariant 
and equivalent to m<f,. 

(3) Both measures m$ and /i^ are ergodic and supported on the radial (or 
conical) Julia set J r {f)- 

(4) The density p^ = dp^fdm^ is a nowhere vanishing continuous and 
bounded function on the Julia set J{f)- 

The remaining part of this chapter is devoted to the proof of this key result. 

5.4.1. Existence of the Gibbs (or equilibrium) states. Let us start by 
making the following observation which is an immediate consequence of the choice 
of the r-metric (see (|5.5[1 ). 

Lemma 5.16. We have lim^^oo £^l(w) = 0. 

We consider now the normalized transfer operator 

and establish the following important uniform estimates. 

PROPOSITION 5.17. There exists L > and, for every R > 0, there exists 
Ir > such that 

l R <C n 4> l{w)<L 
for all n > 1 and all w G J(f) D(Q, R). 



Before going to proof this, let us clarify the situation about the topological 
pressure. 



Corollary 5.18. The limit lim^oo i log C£l(w), w G J(.f), exists. 

Proof. We start with the proof of Proposition 15.171 by establishing the right 
hand inequality. Because of Lemma 15.161 we can fix Rq > sufficiently large in 
order to have C$J.{w) < 1 for all \w\ > Rq. We show now by induction that 

(5.7) H^lIU < L := for every n>0. 

Here and later in this proof > 1 is the constant coming from Lemma 15 . 71 with 
£,p replaced by the normalized operator For n = this estimate is immediate. 
So, suppose that it holds for some n > 0. Still because of Lemma 15 .161 there exists 
io„ + i G J{f) such that 



If |iy n +i| > Rq, then 



H^illoo = £^ +1 iik +1 ) < HrjiHoo^iK+i) < l. 

In the other case, < Rq, it follows from Lemma l5.7l that 

; «+l-n ,7™ . ^ / rn+l-n a™ . ^ li" — 1 rn+l 



1 = / > / r; +i ldm > K-^r+'Hwn+^m^D^Ro)) 

1 'd(OMo) 
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and so (|5.6j) holds. Increasing Ro if necessary, we may suppose now that m^({|i(;| > 
Ro}) < 3x- Let R > R o- We have 

tp.dm+< f Cl\dm^ + \. 

JD(0,Ro) 4 

Hence, for any n > there is z n G D(0,R o ) n with £^l(z„) > 3/4. If 

w G -0(0, i?) H »/(/) is any other point we have for any n > 

K^.rC^Mw) > C^l(z n ) > 3/4 

which shows the left hand inequality. □ 



The Perron- Frobenius operator sends the Radon-Nikodym derivatives of Borel 
probability /-invariant measures p absolutely continuous with respect to the con- 
formal measures to the Radon-Nikodym derivatives of measures /io/ _1 . Hence 
the positive fixed points of measure 1 of this Perron-Frobenius operator are in 
one-to-one correspondence with /-invariant measures absolutely continuous with 
respect to the measures m^. Therefore, we can now continue in the usual way, 
namely, use the uniform estimates of the normalized transfer operator given in 
Proposition 15. 171 to construct a fixed point p^ : J(f) — > K of L<§, which then gives 
the Gibbs (or equilibrium) state fj,$ — p^m^. 



Theorem 5.19. There exists a /-invariant measure which is absolutely con- 
tinuous with respect to the conformal measure m^. Moreover, the density function 
P0 = dpff, /dm^ is continuous and satisfies 

(5.8) l R < p^w) < L for every w £ J(f) n D(0, R) 

with Ir,L the constants from Proposition 1 5 . 1 71 In addition 

=< H" t(aa-r) 

hence 

lim pAw) = 0. 

w — >oo 

Proof. We have to construct a normalized fixed point p$ of The natural 
candidate is a limit of a subsequence of 



1 n 

h n {w) := -Y^L%l{w) , wej(f). 
fc=i 

For w\,W2 G J{f) with \w\ — W2\ < 6 we have 

fyl(x) - fyl{y)\ 1 t%\{y) \y - xf < L\y - xf 

because of Lemma 15.61 and since we have the uniform bound of the normalized 
transfer operator given in Proposition 15.171 Therefore the sequence >x is 

equicontinuous and the same is true for (h n — i 53fe=i ^-"0 >r Arzela-Ascoli's 
Theorem applies: there is a (in fact Holder-) continuous function p^ such that, for 
some subsequence nj — > 00, h n . — > p^ uniformly on compact subsets of J(f)- In 
addition, p^ satisfies (|5.Sp since all the h n have this property (Proposition 15. 17[) . 
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The measure fj,j, — p^m^ is a invariant measure provided we can check that 
is a fixed point of C$ . In order to do so it suffices to verify 



(5.9) 



£<l>{P<t>) = iim A/>(/lry) 



since then t^p.p) = pj, results from £^(/i„) = h n + i^£'^ +1 l - 
So let w £ J{f) and let e > 0. The series 

being convergent, there exists R > such that X^e/- 1 ^) |2|>fl e ^ 
Using (|5.8[) we get 



< 2Le 



< 



£ (S(z)-p,(z))e^)-^) 
zef-^w) , \ X \>R 

and, by uniform convergence on compact sets, 



< £C</,l(w) < Le 



for some jo(e, R) and every j > jo(e, R)- The property (|5.9|) follows. 

We finally have to check the behavior of p^ near infinity. The function being 
a fixed point of £^ we get from Lemma 15.161 

\p<j>(w)\ = |£0P0( w )l < ||p<^||oo>C^l(iw) — > if w — > oo 

with polynomial decay given by (|5.5[) . All in all, d/i0 = dm^ defines a /-invariant 
probability measure having all the required properties. □ 



5.5. The support and uniqueness of the conformal measure 



Keep m<p to be the 0-conformal measure constructed in Theorem I5.11I This 
theorem and Lemma I5.6I lead to the following. 



Lemma 5.20. If / : C — > C is a dynamically semi-regular function and <j> : 
J{f) — > R is a tame potential, then for every z £ J{f), every v £ f~ n {z) and 
every set B C D(z,S), we have that 

^ 1 exp(5 n ^(/-"H) -P(0)n)m,(B) < 

m*(f- n (B))= [ exp(^0(/-"H)-P(0)n)dm H 

JB 

< K <j> exp(S n (f>(f- n {w)) -P(<f>)n)m+(B), 
where Kj, comes from Lemma I5.6I 



We shall now prove the following. 
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Proposition 5.21. Suppose v to be an arbitrary pe ^-conformal measure 
with some p > 0. There then exists M > such that for v-a,.e. x £ J{f) 

liminf \P{x)\ < M. 

n — >oo 

Consequently, v(Ioo(f)) = or equivalently v{J r {f)) = 1. In particular, these 
statements hold for v = m^. 

Proof. Let M > 1. For every z £ /~ 1 (Z? C (0, M)) we have by the left-hand side 
of (GUI that 

\n*)\rh\z\*\f{z)\e*-*>M3*- T \z\*. 

Therefore, 

e *W < el" , "-|/ / («)|- i r< M'*^-^-** . 
Cover now J{f) with countably many open disks {D(w n , S)}^ =0 centered at J{f) 1 
and then form the partition {A n }^ =0 inductively as follows. Aq = D(wo,S) and 
A n+ i = D(w n+ i, S)\\J r - =0 Ay Take an arbitrary Borel set B C D c (0, M). We then 
have by the Proposition 13.61 that 



>{f~ x {B)) = v(r\B n (J A n )) = J2 v(r\B n A n )) 



n=0 n=0 



z r tf 



= E E v{f^(BnA n )) 

71=0 zef^iWn) 

oo 

^E E M~ t( -^- T) v{B^ A n )\ 

oo 
n=0 

= M- t( -^- T) v(B). 

We showed that there is c > such that for every B C -D c (0, M) 

v{r\B)) < cM-'^- T ) y (5). 

Since Bn/ _1 (B)n...n C L> c (0, M), we therefore get for every n > 1 

that 

u(B n /-^fl) n • • • n /""(£)) < ^(/^(S) n • • • n /-"(£)) 
= ^(r 1 ^ n r 1 ^) n . . . n f^ n - l \B))) 
< cM-*^-^v{B n . . . n /~( n_1 )(B)) . 

Therefore we obtain by induction that 

v{B n /-^s) n • • ■ n f~ n (B)) < (cM-'^^^i/fB). 

Since r < a 2 , this implies that for all M large enough 

oo 

i/(f) f- n (D c (0,M)))=0 

and consequently 

oo oo 
k=0 n=0 
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The proof is finished. □ 

Theorem 5.22. The measure m$ is the unique /9e~^-conformal measure and 
the conformal factor is necessary p — e p ^\ In addition, the measure is ergodic 
with respect to each iterate of /. 

Proof. Fix j > 1 and Suppose that v is a pe~ ^-conformal measure. The 
same proof as in the case of the measure m = shows that f(loo(/)) = 0. 
Let J r ,N(f) be the subset of J r {f) defined as follows: z G J r ,N{f) if and only if 
the trajectory of z under p has an accumulation point in J(f) PI D(0,N). Ob- 
viously, \J N J r ,N{f) — J r {f) and by Proposition 15.211 there exists M > such 
that v(J r ,Af(f)) = rn{J r ,M{f)) — 1- Fix z G J^aK/)- Then there exist y G 
J{f) fl -D(0, A'') and an increasing sequence {^fcl^Li such that y — lim^oo f Uk (z). 
Considering for k large enough the sets f~ nk (D(y,2Sj) and f~ nk (D(y,5/(2K))), 
where f^ 7lk is the holomorphic inverse branch of f nk defined on D(y, AS) and send- 
ing f nk {z) to z, using conformality of measures m and v along with the distortion 
control from Lemma (|5.3p , as well as Koebe's Distortion Theorem, we easily deduce 
that 
(5.10) 

Biv(v)~ 1 p~ nk exp(S nk <t>(z)) < u(D(z, ^\(f nk )' (z)\~ x )) < B N {v)p~ nk exp(S nk 4>(z)) 

for all k > 1 large enough, where B^iy) is some constant depending on v and N. 
Let M be fixed as above. Fix now E, an arbitrary bounded Borel set contained 
in </, (/) and let E' = E n J r ,M(f)- Since m is regular, for every x G E' there 
exists a radius r(x) G (0, e) of the form from (|5.10p (and the corresponding number 
n(x) = rik{x) for an appropriate k) such that 

(5.11) m( [j D(x,r(x))\E') <e. 

x£E' 

Now, by the Besicovic Covering Theorem (see [G]), we can choose a countable 
subcover {D(xi, r(xi))}^. 1 with r{xi) < e and n{xi) > e -1 , from the cover 

{D(x,r(x))} xeE > 

of E' , of multiplicity bounded by some constant C > 1, independent of the cover. 
Therefore, assuming e p ^ < p and using (|5.10| along with (|5.11ll . we obtain 

oo oo 

v(E) = < ^(Dte.rte))) < B A /(^^p- Il(Xl) exp(^ (;Ci)( / ) (x l )) 

oo 



i=i 



(5.12) 



< 



B M MBAf(m)Cm(|JC( a ; l ,r( a;i )))(e P(0 V" 1 ) 

oo 

< B Af (^B M (m)Cm(|J Dfo, r(a i )))(e p Wp- 1 ) £ 

i=l 

< CB M (f)BM(m)(e PW V^) rl ( e + ™(^')) 
= CS M (^)i?M(™)(e P(0) p" 1 ) £ "(e + "*(£))■ 
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Hence letting e \ we obtain v(E) = and consequently v(J{f)) — which is 
a contradiction. We obtain a similar contradiction assuming that p < e p ^ and 
replacing in (|5.12|) the roles of m and v. Thus (3 = e p ^ and letting e \ again, 
we obtain from (|5.12p that v(E) < CBM{v)BM{m)m(E). Exchanging m and v 1 
we obtain m(E) < CBM(u)B^[(rn)u(E). These two conclusions along with the 
already mentioned fact that m(J r (/)) = v{J r {f)) — 1> imply that the measures 
m and v are equivalent with Radon-Nikodym derivatives bounded away from zero 
and infinity. 

Let us now prove that any e p ^e~^-conformal measure v is ergodic with respect 
to p. Indeed, suppose to the contrary that f~i(G) = G for some Borel set G C 
J{f) with < v{G) < 1. But then the two conditional measures Vq and vj(j)\g 

v(B^G) v(Bnj(f)\G) 
VGiB) = ^GT> »M\e(B)= Ki/(mG) 

would be e jP (^e _Sj ^-conformal for / J and mutually singular. This contradiction 
finishes the proof. □ 



CHAPTER 6 



Finer properties of Gibbs States 

Finer ergodic and stochastic properties of the Gibbs states can only be ob- 
tained if we consider the action of the transfer operator on smoother functions then 
Cb{J{f))- Holder continuous functions turn out to be fine. The starting point is 
the two norm inequality of Lemma 16.21 which along with Lemma 16.31 enables us to 
apply the powerful Ionescu-Tulcea and Marincscu theorem. Its consequence in turn 
is the so called spectral gap (Theorem [63]). It tells us that all the eigenvalues of 
acting on Holder functions are in a disk of radius strictly less then one excepted the 
number 1 which turns out to be a simple eigenvalue with eigenfunction the density 
p,), = dfi^/dm^. We describe then how this leads to further ergodic properties of 
the Gibbs states and also to the Central Limit Theorem via exponential decay of 
correlations and Liverani-Gordon's method. The studies of Gibbs states are com- 
pleted by establishing the variational principle and the characterization of tame 
potentials giving rise to the same Gibbs (equilibrium) states. The latter is done by 
means of cohomologies. 

Throughout this chapter / : C — > C is always assumed to be a dynamically 
semi-regular function. 

6.1. The two norm inequality and the spectral gap 

We first formulate the Ionescu-Tulcea and Marinescu theorem in its full generality, 
then we verify its hypothesis in our context, and then we derive its consequences, 
also in our particular dynamical setting. 

Theorem 6.1. (Ionescu-Tulcea and Marinescu) Let (F, | • |) be a Banach space 
equipped with a norm | ■ | and let E C F be its linear subspace. The linear space 
E is assumed to be endowd with a norm || • || which satisfies the following two 
conditions. 

(1) Any bounded subset of the Banach space E, with the norm || • ||, is rela- 
tively compact as a subset of the Banach space F with the norm | • | . 

(2) If {x n : n = 1, 2, . . .} is a sequence of points in E such that ||x„|| < K\ 
for all n > 1 and some constant K\, and if linin^oo \x n — x\ =0 for some 
x e F, then x G E and ||x|| < K\. 

Let Q : F — > F be a bounded linear operator which preserves E, whose restriction 
to E is also bounded with respect to the norm || • || , and which satisfies the following 
two conditions. 

(3) There exists a constant K such that \Q n \ < K for all n = 1, 2, 

(4) 3N > 1 3t < 1 3K 2 > \\Q N (x)\\ < t\\x\\ + K 2 \x\ for all x e E. 

Then 
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(5) There exists at most finitely many eigenvalues of Q : F — > F of modulus 
1, say 71, ...,7 P . 

(6) Let Fi = {x £ F : Q(x) = jix}, i = l,...,p. Then F t C E and dim(^) < 
oo. 

(7) The operator Q : F — > i* 1 can be represented as 



where Qi and 5 are bounded, Qi(F) = Fi, sup n>1 |5 n | < oo, and 
Qi = Qu QiQj = (i + j), QiS = SQi = 

In addition, 

(8) S(E) C -E and S\e considered as a linear operator on (E, \\ ■ ||), is bounded 
and there exist constants K3 > and < f < 1 such that 

\\S n \ E \\ < K 3 f n 

for all n > 1. 

The key ingredient in verifying hypothesis of the above theorem is the following. 

Lemma 6.2. If <f> : J(f) ~ * K is a tame potential with a Holder exponent /3 > 
then there exists a constant ci > such that 

ll-C^II/J^^llsll/J + cillfllU 

for all n > 1 large enough and every g S EL3. In particular, /^(H^) C H/3. 

PROOF. Fix rc. > 1, g € ELj and x,y <E J(f) with |y - x\ < S. Put V n = f^{x) 
and 0„ = exp(S n <f> — P(^)n), Then 



\£%g(y) - C%g(x)\ = E n (/"" (y))g{f- n (y)) - E (*))<?(/*-"(*)) 

(6.1) < E k(/«r n (i/))l |0n((/ v - n )(!/)) - *n((£T n )(aO)| + 

+ E 0n(a7")W)iff(/,- n (2/)-5(/rw))i- 



This can be estimated by using Lemma 15.31 for the first term, Koebe's distortion 
theorem (Lemma I4.6|) together with the expanding property for the second term 



6.1. THE TWO NORM INEQUALITY AND THE SPECTRAL GAP 



43 



and by employing Proposition 15.171 as follows: 

\tyg(y)-£%g(x)\l 

* E llslU E Mfv n (x))-\x-yf 

+ E \MU n )(x)\M9m n (y) - f» n (x)f 

v&V n 

< \\g\\ ao fyM!c)\v-xf + vi 3 ( 9 )(cr r - n )e\y-xf £ \<Pn(U n (x))\ 

<i(|| 5 || co +cV /3 X5))l2/-^l /3 - 
This shows that there are C\,C2 > such that 

(6-2) vp{C%g) < cilMU +c 2 7" /3 "ll5ll/3 < oo. 

In particular C^{g) £ EL3. The inclusion C^,{Hp) C i?/3 is proved. It then follows 
from jHHJ) that 

||^S||/J < C27" /3n ||5ll/3 + ClHslloo + Halloo 

<CiT Pn \\9\\p + {pi+L)\\9\W 
The proof is thus finished by taking n > 1 so large that C2"f~ l3n < h- O 

In order to apply the theorem of Ionescu-Tulcea and Marinescu we need the follow- 
ing. 

Lemma 6.3. Suppose that 4* '■ J{I) — > R is a tame potential. If B is a bounded 
subset of Ha (with the \ \-\\p norm), then C<j,(B) is a pre-compact subset of Cb (with 
the || • Woo norm). 

Proof. Fix an arbitrary sequence {g n }^Li C B. Since by (|6.1[) the family 
C,p(B) is cquicontinuous and, since the operator is bounded, this family is 
bounded, it follows from Ascoli's theorem that we can choose from {C^gn)}^^ 
an infinite subsequence {^■4>(gn j )}'jLi converging uniformly on compact subsets of 
J{f) to a function ip G C&. Fix now e > 0. Since B is a bounded subset of C&, it 
follows from Lemma T5.16I that there exists R > such that |£0<?(z)| < e/2 for all 
jeBand all z G J(f) n £> c (0, i?). Hence 

(6.3) M*)|<e/2 

for all z G JY/) n D c (0, i?). Thus |£ ( 5 „ 3 )(z) - i/>(z)| < e for all j > 1 and all z £ 
J(f) D D c (0, R). In addition, there exists p > 1 such that \£ t p(g rLj )(z) — ip(z)\ < e 
for every j > p and every z £ J{f) fl £>(0, i?). Therefore |£ (<? n -)(2:) — < £ 

for all j > p and all z € <J{f)- This means that ||£ (<? ni ) — -01 |oo < £ for all 
j > p. Letting e \ we conclude from this and from (|6.3j) that C^ign^ converges 
uniformly on J{f) to ^ 6 Cfe. We are done. □ 

Combining now Lemma 16.21 and Lemma 16.31 we see that the assumptions of The- 
orem 1.5 in |IM] are satisfied with Banach spaces c Cb and the bounded 
operator £ : Cb — ► Cb preserves Hg. It gives us the following, where the fact that 
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the unitary eigenvalues form a cyclic group follows from Lemma 18, Theorem 4.9 
and Exercise 2 (p. 326/327) in [Sch] . 



Theorem 6.4. If </> : J(f) — > (0, oo) is a tame potential with a Holder exponent 
/?, then there exist a finite cyclic group 71,..., 7 P G 5* 1 = {z G C : \z\ = 1}, 
finitely many bounded finitely dimensional operators Qi, . . . , Q p : H^ — * and 
an operator S : — > such that 

1=1 

for all n > 1, 

Qi = Qi, Q l o Qj = 0, (i ^ j), o S = S o Qi = 

and 

ll^ll/J <Cf 

for some constant C > 0, some constant £ G (0, 1) and all n > 1. In particular all 
numbers 71, . . . , 7 P are isolated eigenvalues of the operator Cj, : Hg — > Hg and this 
operator is quasi-compact. 



We can now prove the following culminating result of this section concerning the 
spectrum of £4, acting on the Holder space Hp with the exponent of the potential 
4>. Note that we already know an eigenfunction of the eigenvalue 1 which is the 
density p^ — dfJ,<j,/dm<f,. This function is a fixed point of because it has been 
constructed as a limit p$ = lim^oo ^- J2k=i ( CI - Proposition 15 . 1 9p . It follows 
from Lemma 16.21 that p$ is in H^. 



Theorem 6.5. Let <p '■ J{f) - * (0, 00) be a tame potential with a Holder 
exponent (3. Then we have the following. 

(a) The number 1 is a simple isolated eigenvalue of the operator Cp : Hg — > H^ 
and all other eigenvalues are contained in a disk of radius strictly smaller 
than 1. 

(b) With S : Hp — ► Hp as in Theorem 16.41 we have 

£-<t> = Qi + S, 

where Q\ : H^ — ► Cp^ is a projector on the eigenspace Cp<p (given by the 
formula Qi(g) — (J gdm^)p^, Q\ o S — S o Q\ = and 

\n<cc 

for some constant C > 0, some constant £ G (0, 1) and all n > 1. 

Here is a useful application. As we explain in a while, this property yields in 
particular mixing of the system (and is sometimes called directly mixing). 

COROLLARY 6.6. With the notations of Theorem 16. 51 we have, for every n > 1, 
that £^ = Qi + S n and that C2(g) — > (/ gdm^ p^ exponentially when n — > 00. 
More precisely, 



/ 9 dm 



\S n (g)\\ < CChb , 
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Proof. We first show that f is the only unitary eigenvalue and that it is a 
simple eigenvalue which means that the associated eigenspace is generated by the 
density So, suppose that 

£<t>9 = £.9 

with some £ £ C of modulus one and some non-zero g € Hp. Since, by Theorem l6.4[ 
the unitary eigenvalues form a finite cyclic group, there exists I > 1 such that £ = 1. 
We then have 

£$9 = 9- 

Since preserves the class of real- valued functions, the same is true for Reg and 
also for Img. Hence, it is sufficient to consider real such g : J{f) — ► R. Denote 
g$ = max{0,g} and g^ = rnin{0,g}. The operator C§ being positive, we have 
9i = fygo > 0, 9x = C 1 ^ < and g = t\g = g\ + .gf . Clearly there is 
not a unique decomposition of g in a positive and a negative function. But The 
functions g^ , g$ are extremal in the sense that they are the smallest functions that 
have this property. Consequently g^ > g$ and g± < g$ . Since these functions are 
continuous and since J g^ dm^ = J 9q dm^ we have g^ = g^ and, for the same 
reasons, g^ < g^ . 

One of these two functions is not identically zero. Suppose that g$ has this 
property. Then p = g§m$ is a positive measure of finite mass that is /'-invariant 
and equivalent to p$ — p^m^. Since, by Theorem 15. 221 the measure p^ is ergodic 
with respect to we conclude that g^m^ = cp^m^, for some c > 0. Consequently 
g^ = cp^ G C/90. The same argument is valid for the negative parts <?^~ provided it 
is not identically zero. It does follow that the initial function g £ Cp^ and that 1 
is the only unitary eigenvalue. 

The spectral gap comes now from Theorem l6.4l It remains to justify the claimed 
form of the projector Q\. If Qi(ip) = ^P<t>i then 



k = J kp^dm^ = J Q^ipdm^ for every n > 1. 

Along with the equality = Q\ + S n and the formula ||5 n || a < C£" the claim 
follows. □ 



6.2. Ergodic properties of Gibbs States 

We now investigate further the Gibbs state p^ of the potential (j> (cf. Theroem 
15 . 1 5[) . Due to Theorem 16.51 this /-invariant measure p,p has much finer stochastic 
properties than ergodicity of all iterates of /. These follow after the following 
definitions. 



Definition 6.7. The set 

JU) = {> n }^ e J(fr ■ /K+i) = wn for all n > 0} 
is called the Rokhlin natural extension of J{f)- Notice that the map / : J(f) 



c7(/) given by the formula 



/(w«=o) = {/mi 



oo 

71 = 
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is a homeomorphism. For every n > let 7r„ : J{f) — > J{f) be the projection 
given by the formula 



It is well-known that for every Borel probability /-invariant measure on J(f) there 
exists a unique Borel probability /-invariant measure p on J(f) such that poir^ 1 
I / for all n > 0. The dynamical system {J(f),f ■ J{f) — > J{f),P) is called the 
Rokhlin natural extension of the dynamical system (»/(/), / : l7(/) — > Jif)^)- 



Definition 6.8. A measure preserving authomorphism (X, A, T : X — ► X, p) 
(A is the cr-algebra on X with respect to which the map T : X — > X is measurable) 
is said to be K -mixing if for an arbitrary finite collection Ao , , A 2 , . . . A r of subsets 
from A, we have 



where, for every n > 1, the supremum is taken over all sets -B from the sub cr-algebra 
of „4 generated by the sets {T^(Ai) : 1 < i < r, j > n}. 

if-mixing is a very strong stochastic property Any if-mixing authomorphism is 
ergodic, and moreover, it is mixing of any order. The corresponding concept to 
if-mixing for non-invertible maps is that of metric exactnes. 

Definition 6.9. A measure preserving endomorphism (X, A, T : X — > X, fi) 
is metrically exact provided that the cr-algebra C(^ =a T^ n {A) is trivial, i.e. consists 
only of sets of measure and 1. 

The link between the concepts recalled in the three above definitions is given by 
the following (see for instance [KFSj or |PUj ). 

Theorem 6.10. If a measure preserving endomorphism (X,A,T : X — > X, fi) 
is metrically exact, then its Rokhlin natural extension (T,jl) is -ftT-mixing. 

We shall now prove the following. 

Theorem 6.11. The dynamical system (/ : J{f) — > J{f),^) is metrically 
exact, and consequently, its Rokhlin natural extension is K-mixing. 

Proof. Put // = /i^,, m = and p = Denote by B the Borel cr-algebra 
of J{f)- According to Definition 16 . 91 we are to show H^Lo T~ n (B) consists only of 
sets of measure or 1. In order to prove this property, let A S fX^L T~ n (B) and 
p(A) > 0. Then for any n > there exists a set A n S B such that A = f~ n (A n ). 
Hence for any -0 S and n > it follows that 




lim sup{KA> n B) - p(A )p(B)\} - 0, 



(6.4) 




6.3. DECAY OF CORRELATIONS AND CENTRAL LIMIT THEOREM 
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and 
(6.5) 



( / ip dm)pdm 



(/ ip dm) dp = fi(A n ) / ip dm — p(A) / ip dm 



Fix now e > 0. By Corollary 16.61 there exists N > 1 so large that \\£^ (ip) 
(J ip dm)h\\ < e. Therefore, using (|6.4[) and (|6.5p . we obtain 



ip dm — p(A) / ip dm 



< 



and, letting e 
(6.6) 



0. 



( / tp dm) h dm - 

\\£*W>)-{J i>dm)h\\dm 
< sm(Ajy) < e, 

ip dm = p(A) / ipdm. 



(i/,) dm 



Setting tp = 1 we obtain m(A) = p(A) and therefore the formula 

! A Xb dm 



(6.7) 



m(B) 



p(A) 



(B G B), 



defines a probability measure on the Borcl field In view of (|6.6p we have that 



ip dm 



p(A) 



ip dm 



for any ip £ Cb- Hence the measures m and m are equal. By (|6 . T[) . m(A c ) = 
to(^4 c ) = 0. Therefore p(A c ) = and we are done. □ 

6.3. Decay of correlations and Central Limit Theorem 

This topic concerns the asymptotic behavior of sums S n ip = Y^n=o V* ° f k f° r 
appropriate ip : J{f) — * M. Since the Gibbs state /x^ is ergodic it follows from 
Birkhoffs ergodic Theorem that 



-S n ip(z) 



ipdpj, for p^-a.e. z€j(f). 



In the centered case (J ip dpi$ — 0), that we consider from now on, it follows in 
particular that the sequence —S n ip — > /i^-almost surely. 
Denote 

U(i>)=ipof 

and consider Xk = U k ip = ipof k . Due to the invariance of p<p, these Xk are random 
variables that have all the same distribution. The classical Central Limit Theorem 
(CLT) says that -^S n ip converges in distribution to a Gaussian random variable 

A/"(0, a 2 ) \ia 2 > and, most importantly, if the variables Xk are independent. This 
is however not the case and the defect of independence of ip and U n ip = ip o /" is 
measured by the correlation C n (ip,ip) = C(ip,ip o f n ) defined below. We will see 
that the mixing property of Corollarv l6.6l vields exponential decay of this correlation 
function. This kind of asymptotic independence for these variables allow to apply 
Liverani-Gordon's method and to show that the CLT is satisfied. 
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We start with two observations concerning the operator U* dual to U. The first 
one says that U* is conjugate to the transfer operator. 

Lemma 6.12. The dual operator U* of the restriction of U to L 2 (p^,) is given 

by 

U g = — — a.e. 

for g 6 L 2 (/i0), where p^ denotes the density as before. 
PROOF. If g, ip <E L 2 (m</>), then, still by (|5.3[) . 

<U*(g),ip>=<g,U(tp) >= J gty o f) 

gpc/>(4> ° /) drric/, = / C^gp^) ipdm^ 



□ 



^aA j,dn =< t * {sp *\i». 



Lemma 6.13. The operator U k o (U*) k is the orthogonal projection of L 2 ^^) 
onto U k (L 2 (p,^)) for any k > 0. 

Proof. Let 5 € L 2 {p^). We only need to show that for 

ip = ipof k , fie%), 

we have 

< ff -L/ fc cr fc 3 >>=o. 

But this follows immediately from the /-invariance of p^: 



< U k U* k g, t/ fc V >=< U* k g, i/> >=< g, C/^ > 



□ 



6.3.1. Observables. We consider a space of observables which goes beyond 
bounded Holder functions because we want that it contains in particular all loosely 
tame potentials. 

Definition 6.14. For f3 g (0, 1] and with p^ = dp^/dm^ we set 
Op = : J (J) - C; 4(p^) € Hp and $ e i^} = jt^{Hp) fl L^. 

Lemma 6.15. If ^ is a loosely tame potential, then ^ € 0^. 

Proof. This fact is a particular case of Lemma [7751 So we postpone the proof 
to Chapter 7. □ 



6.3. DECAY OF CORRELATIONS AND CENTRAL LIMIT THEOREM 
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6.3.2. Decay of Correlations. Let ip\ and ip2 be real square /x^-integrable 
functions on 3(f). For every positive integer n the n-th correlation of the pair 
ipi,ip2, is the number 

(6.8) C n (V>i,V>2) := J ipi • (ifa ° f n ) - J tpi dfi^ J fad^ 

provided the above integrals exist. Notice that, due to the /-invariance of fj,^, we 
can also write 



c„(^i,V2) = J(ipi- ^i)((^ 2 - Eip 2 ) o p) dm, 

where we put Eip = j ip dp^, . 

Theorem 6.16. There exists C > 1 such that for all ipi G Op,">p2 € -^(m^) 

|c„(Vi, ^)i < cnA^i - £v>iW)imiv> 2 - ^2iu 1(m ,), 

where £ G (0, 1) comes from Theorem [631b). 

Proof. Replacing ^ by ipi — E(ipi) if necessary we may suppose that the mean 
of the ipi, i = 1, 2, is zero. With (|5.3|) we have that 



C n (ipi,fa) = j ^iip2 ° f n p^,dm^ = J £^(-01^0)^2 (inif 

But 

(6.9) 1^(^)1 = IS"" 1 ^^!^))! < c^"" 1 ||£ (Vl^) 

because of Corollarv l6.6l and since /^(^lP^) G H^. Hence, 

la^i,^)! d rii^iA^yiv^iu^) 

as claimed. □ 



6.3.3. The Central Limit Theorem. Our next goal is to prove the Cen- 
tral Limit Theorem (CLT) for a large class of random variables induced by the 
dynamical system / : 3(f) — > 3(f) via Gordin-Liverani's method. The variables 
under considerations are Xk = U h 4> — ip ° f k ■ Let us recall that CLT means 
that -^S n ip — ^= J2kZo U k ip(z) converges in distribution to the Gaussian random 
variable 7V(0, a 2 ). More precisely, for any t G M, 

/* ({* e J(J) ■ A=S n i/>(z) < t}) [ exp[-u 2 /2a 2 } du. 

Theorem 6.17. If ip is any loosely tame /3-H61der continuous function or, more 
generally, if ip G U^e(o l] ®&i then the asymptotic variance 

(6.10) a 2 = a*, (</>) <a 2 ^(i>)= U 2 d^ + 2Y J h^o f k d H 

J k=i J 

exists and one of the following two cases occurs: 

(i) If a 2 > 0, then the CLT holds. 

(ii) If a 2 = 0, then Uip = ip o / is measurably cohomologous to zero. 



50 



6. FINER PROPERTIES OF GIBBS STATES 



In addition, if ip is a bounded function, then equality in (|6.10p holds. 

Case (ii) is usually the exceptional situation. We come back to this in the next 
section. 

The rest of this section is devoted to the proof of CLT. A way of establishing it 
under very weak independence assumptions is to use Martingales approximations. 
This method was initialized by Gordin [Go] and then used by several other authors 
including Liverani [Liv] . The method by Gordin works under the condition 

oo 

^convergence: ^ \\U k U* k ip\\ L 2 {fl<f>) < oo. 

k=Q 

Liverani used the following weaker condition. 



OO p 

L 1 — convergence: / ipip o f k dp^ 

1 n •* 



< oo and 



k=0 
oo 

U* k ip converges in L x {p^). 

k=0 

Note however that he makes in addition the assumption ip £ L°° which is not 
the case for functions of Op. We will see that we are somehow in an intermediate 
situation. 

Notice also that the first sum of the above condition involves Cor(-0, ip o f k ) = 
J ipip o f k dp$ (we still suppose J ip dp^ = 0) which explains that this is in fact a 
weak asymptotic independence condition for the variables ip o f k . 

Lemma 6.18. If ip € Op is bounded with J ipdp^, = then the L 2 -convergence 
property holds. For general mean zero ip £ Op the /^-convergence property is 
satisfied and, moreover, 

(6.H) \w* k ip\\ L , M <e 

for any k > 1 where £ € (0, 1). 

Proof. Consider first ip S Op with J ipdp^ = 0. From the relation between 
U* and the transfer operator given in Lemma [6.121 we have U* k ip = -^C^ipp^). 



Hence it follows from (|6.9jl that 

\W k iP\d H = I \C k (iPp^\dm^e\\^(iPp^\\p. 



By Theorem 16. 161 

\c k (ip,ip)\ = | f ipip o f k d^\ ± ceU^ipp^hMmm,) 



for every k > 1. The ^-convergence condition is thus verified. 
If ip € Op is in addition bounded then 



\\u* k ^\\h M =< u k u* k ip,ip >< u\\oo j u k (\u* k ip\)d^ = Halloo y \u* k ijj\dp^ 

still by the /-invariance of p^. The conclusion, that in this case the L 2 -convergence 
holds, comes now from the preceding ^-estimation. □ 



6.4. COHOMOLOGIES AND a 2 = 
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Proof of Theorem 16.171 Consider first the case of a centered bounded Hol- 
der function ip G Hp. Then the L 2 -convergence condition is satisfied and we are 
in the confortable situation where there exists a inverse Martingale approximation 
(Yk)k with respect to the filtration T k = / (JFo) G L 2 (/i0), {Tq) the Borel a- 
algebra, and a function b also in L 2 (jj,,p) such that 

U k ip = Y k + U k b-U k ~ 1 b , k>l. 

The Yfc being square integrable stationary and ergodic one knows that they satisfy 
CLT. Since 

-^S n V = -L(y 1 + ... + Y n ) + -^(U n b - b) 

and since -j=(U n b — b) — > as n — > oo one therefore has CLT for (ip o / fe ) fe . A 
direct calculation gives 



a 2 



i> 2 d^ + 2^ I Mo^dm 
fe=i 

(see [Livj for details). 

For general centered ip G Op we have a good L 1 -convergence (cf. Lemma 
I6.18P but ip is not bounded contrary to the assumption made by Liverani. His 
perturbation argument allows to get CLT but we only have an upper bound for 
the asymptotic variance. Let us briefly explain this. Firstly, the above function 
b is given by b — J2T=o U* k i^. Therefore, the L 1 -convergence condition yields 
b G In order to be able to work again in L 2 one introduces 

oo 

b x = Y^^ k u* k ^ 

where A > 1. Clearly b\ — ► b in L 1 (/x < f,). Set similarly 

Y x , k = U k Y XA = U k ij - U k b x + \~ 1 U k ~ 1 b\ G L 2 (^). 
The same direct calculation as before gives this time 

/OO r. 
fe=i ^ 

and Fatou's Lemma yields for the asymptotic variance of Y k — lim^_>i Y\ k 

/OO p 
i> 2 dn 4> + 2Y / / 4>^of k d^. 

k—l 

In particular the (Y k ) k are again in L 2 (/i^) and CLT holds. Let us conclude by 
mentioning that a 2 — clearly implies that ipof~bof — b. □ 

6.4. Cohomologies and a 2 = 

Let T be any class of real- valued functions defined on J{f). Two functions (f),ip : 
J{f) — > K arc said to be cohomologous in the class of function T if there exists a 
function wef such that 

(f) — ip = u — uo f. 
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Theorem 6.19. If <f>, i/j : J(f) — ► M are two arbitrary tame functions, then the 
following conditions are equivalent: 

(1) ^ = 

(2) There exists a constant R such that for each n > 1, if f n (z) — z (z S 
J(f)), then 

S n 4>(z) - S n ip(z) = nR. 

(3) The difference ijj — 4> is cohomologous to a constant R in the class of Holder 
continuous functions. 

(4) The difference ip — (f> is cohomologous to a constant in the class of all 
functions defined everywhere in ^T(f) and bounded on bounded subsets 
of J(f). 

If these conditions are satisfied, then R = S — P((j>) — P(V')- 

PROOF. (1) (2). It follows from Theorem 16.51 and Lemma 15.201 that there 
exists a constant C z > 1 (remember that f n (z) = z) such that for every k > 1 

C z - 1 exp(fc^„0(z) - P(4>)kn) < ^(f- kn (D{z,S))) < C z exp(kS n 4>(z) - P(^)fcn) 

and 

C7 1 exp(fc^„^(z) - P(^)fcn) < ^(/7 fcn (D(2,*))) < C z exp(fcS„^(z) - P(^)fcn). 
Since /i^ — fJ-^, this gives that 

< exp(fcS„<?i>(z) - P(^)fcn)) < 2 
z " exp(fcS , „V'(z) - P(^)fcn)) ~ 2 

or equivalently 

C7 2 < exp(fc((5„0(z) - 5 n ^(«)) - (P(0) - PW)t>)) < 

and 

-21ogC z < k((S n cj>(z) - S n ^(z)) - (P(cj>) - P(^))n) < 21ogC z . 
Therefore, letting fe /* oo, we conclude that S n (j>{z) — S n ip{z) — (P((f>) — P(ip))n. 
Thus, putting i? = P(0) — P(V') completes the proof of the implication (1) =>■ (2). 

(2) =*> (3). Define 

rj = 4> — ip — R- 

Since the measure /x^ is ergodic and positive on non-empty open sets, the set of 
transitive points of / has a full measure fj,^. Fix a transitive point w € J~(f) and 
put 

r = {f k (w) : k > 1}. 
Define the function u : T — > M by setting 

fc-i 

«(/ fe M) = E^/ J H)- 

Let us first show that u is Holder continuous. So, suppose that with some 1 < k < I, 
the modulus \f (w) — / (w)\ < S is so small that 

(6.12) Z-fc> log^CVT 1 )/ log 7. 

Let /* " k ' = ffk! w \ be the holomorphic inverse branch of /'"^defined on 

D(f(w),4S) 
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and mapping f (w) to f k (w). In view of the expanding property and (I6.12|) we 
have for every z 6 D(f l (w), 28) that 

|/.~ (, - fc) (*)-/'(«0l < \f* {l - k \z)-f* (l - k) (fM)\+\f k M-fM\ < C 7 k - l +5 < 28. 

Thus f~ {l ~ k) (D(f l (w),25)) C D(f(w),2S). Hence, in view of Brouwer's Fixed 
Point Theorem, there exists y G D(f l {w),28) such that f* (y) = V- In par- 
ticular, f l ~ k (y) = y. Since for every < i < I — fc and for the map fji % -ir w ^ ■ 

D(f(w),45) -> C, we have /^ 4 i I(tl)) = /'~ fe ~ l ° /*~ ( '~ fe) , we obtain that 

fj^ (w) (f- k (y)) = / , - fc - < (/." ( '" fc) (/ , -*(i/))) = /'-*-*(!/) 

or, in other words, for all j = 0, 1, I — k, 

(6.i3) f j (y) = fj^ k ~ ) i) (f- k (y))- 

Since also 

f(f k M) = fJ^ k ~ ) j Hf l H) 

and since both f (w) and f l ~ k (y) — y belong to D(f l (w),25), weak Holderity of 
the function r\ : J(f) — > K yields for all < j < / — fc that 

^(/ J (y))-^/ J (/ fc H))l < 
w < W |/7ii7-i72f 1)} (/'- k (y)) - VM)f 

< v^)i^ |(/'- fc - i+1 )'(/ fe+J '- 1 H)r^ |/'- fc fa) - f l Hf 

<Vp(v)c-e 7 -W- k -^\y-f l (w/. 

From (|6.13[) we get 

\y - f k M\ < K\(f l - k )'(f k (w))\- 1 \f l - k (y) f(w)\ d 7 - ( '- fc) - 
Combining this with (|6.14p we obtain 

,/3 



W j (y)) <p(f(f k M))\ d ^h- w - fe ^' +1) (t"^* + l/ fc H - /'HI 

So we also get 

- W(/ k M))l d ^(^) 7 - /3(i - fe - i+1) (i- (l - k) + \f k (w) - /'hi) 
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for all j = 0, 1, . . . , I — k. Hence, using our assumption (2) with z replaced by y, we 
obtain 



\u(f(w))-u(f k {w))\ 
l-l 



$>(/'(!/)) 



j=k 

l-k-1 



l-k-1 



3.15) 



< E (W j (f k M))-<P(f j (y))\ + mf j (f k M))-^(f(v))\) 

3=0 

<~jr ^ i - k -* (\f\w)- f{ W )\ +1 k ~ i f 

3=0 



< (\f k (w)~f l (w)\ +1 k - 1 ) 
Now, for every z £ J{f) put 

u(z) = limsup m(£). 

In view of (16 . 1 5|) u(z) is a finite real number. It also follows from (|6. 15[) and from 
the fact that I — k — ► oo if f l (w) — > f k (w) that 



(6.16) 



u(z) — u(z) for all zef. 



Take now two arbitrary points a, 6 £ J{f) and suppose that f mk (w) — > a and 
f nk (w) — > 6. Passing to subsequences, we may assume without loss of generality 
that rifc — mfc — * oo and |/™ fc (u>) — /™ fc (u>) | < <5. Passing to the limit k — > oo it then 
follows from (|6 . 1 5[) that 

|«(6)-«(a)| r< \b~af. 

So, u : J{f) — > R is /3-Holder and it follows from (|6.16p together with the equality 
tp(z) — ij)(z) — R — u(z) — u(f(z)) for all z in the dense set T that tp—?p — R = u — uof 
on J(f). The proof of the implication (2)=>(3) is complete. 



The implication (3)=>(4) is obvious. 

(4)=>(1). Fix z 6 Jr.M) where the sets J r! jv were defined at the beginning of 

the proof of Theorem 15.221 and M > is such that to^J^m) — m ip(J r .M) = 1 

(Proposition 15 . 2 1[) . There then exists an unbounded increasing sequence 

such that \f nk (z)\ < M for all k > 1. Using Lemma 15.201 along with i-Koebe's 

distortion theorem and the standard version of Koebe's distortion theorem, we get 

that 

< K$ exp(S„ fc 0(z) - P(<p)n k )m4B(f n *{z), S)) 

< K<j, exp(S nk (f)(z) - ¥{4>)n k ) 



6.4. COHOMOLOGIES AND a 2 = 



55 



m^(B{z,- A 5\{r)'{z)\- 1 )) >m (i?(f *(*), ^"^) 



and 



(6 - 17) ^^exp^^-P^n^m^B^™"^),^-^)) 
> J^%exp(S n ^(;8) - P(0)n fc ), 

where Z = inf{m^(D(iu, f^K") -1 ^) : w e JY/) nD(0,2M)} is positive since the 
set c7(/) H -D(0, 2M) is compact and the topological support of is equal to the 
Julia set J{f)- Obviously, analogous inequalities hold for the potential tp. 

By (4) we know that there is a constant S and a function u such that 4>— ip = 
S + uo f — u. Since u is locally bounded there is T > such that for every z € J r ,M 
and rik as above 

\S nh (4>-il)){z)-n k S\<T. 

It follows that 



(i^e T )-%exp((P(V>) - P(<£) + S)n k ) 



< 



( ■ ) - (B(z,A- 1 S\(f n ")'(z)\- 1 )) 



< K^e T Z^ exp((P(^) - P(0) + S)n k ). 

Suppose that 5* 7^ P(0) — P(V0- Without loss of generality we may assume that 
S < P(4>) — P(tp). But then, using the right-hand side of (|6.18[) . we conclude that 
"fy(j r , M ) = 0. This contradiction shows that S = P(<f>) - P(^). Then ([6"Tg|) 
implies that the measures and are equivalent on J r! j\/. Since m^yJ^M) — 
niip(Jr.Ai) = lj these two measures are equivalent as considered on J~(f). Since 
the measures fi^ and /ty are ergodic and equivalent respectively to and m^, , we 
conclude that \x$ = flip. Thus the proof of the implication (4)=>(1), and therefore 
the entire proof of Theorem 16. 191 is complete. □ 



We can now prove that the case a 2 = in CLT (Theorem l6.17p . is exceptional. 
Indeed, in the setting of rational functions and with tp — log|/'| this only can 
happen for some special functions, namely for Tchebychev polynomials, for z 1— > z d 
and for Lattes maps f |Zdj . see also |Myl| where a simplification of Zdunik's work 
is given). The following can be interpreted as a generalization of this fact to our 
class of meromorphic functions. 



Theorem 6.20. If tp € U/3g(o 1] ^0 * s a l° oser y i-tame function with t 7^ 0, 
then 



The proof goes in two steps. In the first one the regularity of the coboundary 
function is improved. 



Proposition 6.21. If <p ■ J(f) ~ > K is a tame function and tp : J{f) — > K 
is a loosely tame function, then a 1 (tp) — if and only if tp is cohomologous to a 
constant function in the class of Holder continuous functions on J(f). 
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Proof. We already know from Theorem 16.171 that (tp) — if and only if 
there is a measurable function u such that 

(6.19) tp = — t log |/'| T + h = u — u o / /i^ — a.e. 

Our aim is to show that u has a Holder continuous version of order s > being a 
common Holder exponent of 4> and ip- 

In view of Luzin's theorem there exists a compact set K C J{f) such that 
fj,^{K) > 1/2 and the function u\k is continuous. Consider a disk D z — D(z,5), 
z E J{f)- From Birkhoff's ergodic theorem (but here one has to work in the 
natural extension) follows that there exists a Borel set B C D z n J(f) such that 
fJ.(f,(B) = p,$(D z ) and for every x E B f~ n {x) visits K with the asymptotic frequence 
> 1/2 where f~ n denotes any inverse branch of f n defined on D z . Consider two 
arbitrary elements p,r S B. Then there exists an unbounded increasing sequence 
{rij} such that f* nj (p)J*" 3 ( T ) e if for all j > 1. Using |6T9)l we get 

\u(p) - u{t)\ < \u(f- n3 ( P )) - u(f- n3 (r))\ + \s nj i>(f- n > (p)) - S n ^(f* ni (r)) 

Now, since lim^oo dist(/*~" 3 (p), f*" 3 (t)) = 0, since both /*~" 3 (p) and /^T™ 3 (r) 
belong to if and since w|x is uniformly continuous (as if is compact), we conclude 
that 

km |u(/ > T ,l3 (p))- W (/ > r" J (r))|=0. 

Holder continuity of results now from the distortion property of Lemma 15.21 
The assertion follows then from this continuity together with the density of B in 

D z nj(f). □ 



Proof of Theorem 16.201 The following fact is proven in |Bw2j : if / is any 
transcendental entire function, then f 2 has infinitely many repelling fixed points. 

Let us show the same statement for a hyperbolic transcendental meromorphic 
(and non-entire) function. Such a function / has a pole b which is not an asymp- 
totic value. Consequently / _1 (fc) is an infinite set and, using Brower's fixed point 
Theorem, it is then easy to construct a sequence of fixed points p n for f 2 . 

In both cases, entire and meromorphic, it follows from the growth condition 

that 

(6.20) \{f)'(Pn)\ -oo i /n^oo. 

Suppose now that a 2 ^ (ip) = where tp — —t log \f'\ T + h is a loosely tame potential 
with t 7^ 0. Then Proposition 16.211 yield that there is u continuous such that 

ip — c — u — uo f 

for some constant c. But this leads to 

= u( Pn ) - u(f( Pn )) = -tlog\(f 2 y( Pn )\ T + h( Pn ) + h(f(p n )) - 2c 

for all n > 1. Since h is bounded we therefore have a contradiction to (|6.20|) . □ 



6.5. VARIATIONAL PRINCIPLE 
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6.5. Variational Principle 

In this section we give a variational characterization of Gibbs states of tame po- 
tentials and dynamically semiregular meromorphic functions, which is very close to 
the classical one. We begin by proving the following general lemma. 

Recall that given a countable partition V of »/(/), for every x G J{f) we denote 
by V(x) the only element of V containing x. Given in addition 1 < n < +oo, we 
put 

n-i 

3=0 

If also a Borel probability /-invariant measure fi is given, the partition V is said to 
be generating for (x provided that for /i-a.e. x € J{f) the set V°°(x) is a singleton. 
We start with the following. 

Lemma 6.22. If / is a dynamically semi-regular meromorphic function, <fi : 
J{f) — » K is a loosely tame potential and /i is a Borel probability /-invariant 
measure on J{f) with respect to which the function 4> is integrable, then also the 
functions log \f'(z)\ T , log|/'(z)|, and log|z| are integrable. 

Proof. Integrability of the function log|/'(z)| T follows immediately from in- 
tegrablility of 4> since \ \4> + 6'(0)|| oo is finite. From (|3.4|) we get that 
(6.21) 

log \f'(z)\ T = -r log |/(0)| + log |/' (0)| + r log |*| > (a 2 - t) log \f(z)\ +flog|z|. 

Since a 2 >T and both functions log \z\ and log |/(z)| are uniformly bounded below, 
we thus conclude that both log|z| and log|/(z)| are integrable. Consequently, the 
first part of (|6.21[) yields that log|/'(z)| is integrable. □ 

Endow now the extended complex plane C with the spherical metric and denote by 
diam s (A) the spherical diameter of any subset A of C. Since, under the assumptions 
of Lemma 16.221 the logarithm of the function z ^ C|z| _2 |/'(z)| _1 is /i-integrable 
for every C > and since C with the spherical metric is a compact Riemannian 
manifold, as a direct consequence of Mane's Theorem (see Lemma 13.3 in [Mane]) 
we have the following. 

Lemma 6.23. With the assumptions of Lemma r6.22i for every constant C > 
there exists a countable partition of J(f) into Borel sets with the following 
properties. 

(a) H M (P^) < +oo, where H /i (P AI ) = J2pev^ log m(-P) is trie entropy 
of the partition V^. 

(b) diam,(7> M (z)) < ClzrVtz)!- 1 for /i-a.e. z e J(f). 

For every Borel probability /-invariant measure fj, let J M : J(f) — > [1, +oo] be the 
(weak) Jakobian of the measure /i, i.e. 

m(jtV)) = / ^- 1 (/,- 1 (6)^(e) 

J A 
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for every z £ J{f) and every Borel set A C D(f(z),2S). As a consequence of 
Lemma 16.231 (see |Py| , comp. |PUj ). we get the following. 

Lemma 6.24. With the assumptions of Lemma 16.221 h M (/) = /log J M d/j. 

The main result of this section is the following. 

Theorem 6.25 (Variational Principle). If / : C — ► C is dynamically semi- 
regular and if <f> : J7//) — > C is a tame potential, then the invariant measure \x$ is 
the only equilibrium state of the potential <f>, that is 



P(<£) = sup{h M (/) + j cf>d(j,} 



where the supremum is taken over all Borel probability /-invariant ergodic measures 
li with J (j)d/j, > — oo, and 

P(<P) = - 

Proof. We shall show first that 
(6.22) h w + J 4>d H > P(0). 

Indeed, fix C > so small that if \z\ > T, z £ An J(f) and diam s (A) < 
C\z\- 2 \f'{z)\- r , then A C D(z,5\f(z)\/4). Since / |0|d^ < +oo, we have the 
partition V — given by Lemma [6T23J Since, by Koebe's ^-Distortion Theorem 
and Lcmmai^SKb), f- 1 {D(f{z),5)) C D{z,5\f{z)\/A) 1 for ^-a.e. z £ J{f), we 
conclude that the restriction f\-p(z) is injective, and consequently, 

V n (z)cf- n (D(r(z),6)) 

for fi-a.e z £ J{f) and all n > 1. Since limn^oo diam(/~ n (D(/ n (z), (5))) = 0, we 
thus see that each element of partition "P°° is a singleton, meaning that the partition 
V is generating for the measure Applying Birkhoff's Ergodic Theorem and the 
Breiman-McMillan-Shanon Theorem for the /-invariant measure \i§ and utilizing 
Lemma [5.201 along with Theorem 15.15( 4). we therefore get for /Lt^-a.e. x £ J(f) 
that 

-V^^ilog^^W)) 

< lim inf - log H (/"" (£>(/» (a,), 5))) 

r< liminf-(log(2p (x)) + S„0(a:) - P{<p)n) 

n—*oo ji 

= lim -S^z) - P(<£) = / <^-P(0). 

n— too n J 

Formula (|6.22p is proved. 

We now shall prove the following. 

Claim 1: If /i is an ergodic /-invariant Borel probability measure on J{f) such 
that J tfid[A > — oo, then h M (/) + f (f>d[i < P(</>); if in addition /i is an equilibrium 
state for </> and / then J M = P ^° T • exp(P(0) — <f>) almost everywhere on J(f). 
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Proof. Let £ M : L°°(/j) — > L°°(fj,) be the Perron- Frobenius operator associated to 
the measure fi. is determined by the formula 

Using Theorem 16.51 the /-invariance of \x and Lemma 16.241 we can write 

1= f M/1 = f^E± dil 
J J P4> 

V Jfi ■ P<f>° I ) 
(6 23) = f P0 -exp(0-P(0))^ > l+ f lQ J ^-exp(0-P(0))\ ^ 
Jn - P<t>°f J \ J p. ■ P4>° f J 



1 + J log p^dfx- J log^ o fdfi+ I (<f> - P(4>))dfj, + I log J^dfj, 
1+ /^-PW + M/)- 



Therefore h^(f) + J <frdfj, < P(</>) If P(</>) = h^(f) + J 4>d^L, we can extend the last 
line of (f6~23|) by writing 1 + / 4>dn-Y{4>) +h fl (f) = l. Hence, the ">" in the third 
line of (16.231) becomes an equality sign, and we get £CfEi^z£Mj = 1 a.e. We 
are done with Claim 1. 

Thus, we are left to show that fj,^ is a unique equilibrium state for <fi. We need the 
following. 

Claim 2: Any ergodic equilibrium state fj, for / and <f> is absolutely continuous 
with respect to 

Proof. For all integers 1,1 > p := max{l,<5} let J r ,k,i(f) be the set of all those 
points in J{f)C\D{0, k) whose w- limit set intersects D(0, 1). Since the measure \i is 
ergodic, /i(J r (/) = (J fe l>p J r .k.i{f)) — lj and in order to prove our claim it suffices 
to show that for all k, I > p there exists Ck,i > such that 

(6.24) fi{A) < Ck,imt(A) 

for every Borel set A C J r ,k,l(f)- Indeed, take an arbitrary point € J r ,k,i(f)- There 
then exists an unbounded increasing sequence (nj)^. 1 such that f nj (z) 6 D(0,l) 
for all j > 1. Put 

rj{z) = \6\{f^)'{z)\-\ 

It follows from i-Koebe's Distortion Theorem that D(z, Tj (zj) C (D(f n i (z), 5)) 
and applying Lemma 15.31 along with Claim 1, we get with G^ := inf {/?,*(£) : £ S 
D(0, 2fc)} > 0, that 



IMI 

/ ' I J- ' { - ■ ' , l - M I 

(6.25) 

< \\P4,\\ooGT 1 c ( f > exp(S nj (l)(z) - P(0)n 



p(D(z, rj (z))) < l -±^c < t > exp{S nj <t>(z)-P(<t>)n j )»(D(r*(z),S)) 



GO 
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On the other hand, it follows from Koebe's Distortion Theorem that D(z,rj(z)) D 
fz ni (D(f n i(z), (iK)-^)), and therefore, apllying LemmaO^ 

m^(D(z,rj(z))) > K^ C4> exp(S nj <t>(z) - F(4>) nj )n(D(f» (z), (4^)^)) 

where M — I = inf {m^-Dfo (4i^)- 1 ( 5)) : £ e -D(0,0} > 0. Combining this and 
(|6~25]) . we get that 

H(p(z,rj(z))) < K^G^Wp^Mf'm^Diz,^))). 

Using now Besicovic Covering Theorem, (j6.24j) follows in the same way as that 
employed in Theorem 15.221 We are done with Claim 2. 

Now, the conclusion of the proof of Theorem 16. 251 is straightforward. Since any two 
ergodic invariant measures are either equal or mutually singular, it follows form 
Claim 2 that /z^, is the only ergodic equilibrium state for <p and we are done. □ 

As is a first useful application of the variational principle we see that the particular 
choice of the metric er T does not influence the pressure. 

PROPOSITION 6.26. If / : C — ► C is dynamically semi-regular and if 
<f> T = -t\og\f\ T + h:J{f)^C 
is a tame potential, then the pressure P(4> T ) does not depend on r. 



Proof. Let t± =/= t%. The conformal measures to^ ti , to^, T2 are related by 

\z\ Tl dm^ Ti = \z\ T *dm^ 2 . 

In particular they are mutually absolutely continuous. Since by Theorem 15.151 
we have unicity of the corresponding Gibbs states ji c f >T , \i$ T they must coincide. 
Call fi = jU0 t = /Lt^ r this invariant measure. It follows then from the variational 
principle, the integrability of log \z\, log \ f(z)\ (see Lemma [7. Ill or |MyU2j Lemma 
8.2]) together with the /-invariance of fi that 



) = M/) + / </>n d/x 



/ <f>r 2 dfX + t(T 2 -n) I (\0g\z\-l0g\ f(z)\)d(l 

P(0 T2 ). 



□ 



CHAPTER 7 



Regularity of Perron-Frobenius Operators and 
Topological Pressure 

7.1. Analyticity of Perron- Probenius Operators 

In this section we prove one main theorem about analyticity of Perron-Frobenius 
operators of tame potentials and then we derive some of its first consequences. 
Further application will come up in subsequent sections and chapters. For every 

e e j ij) set 

H W = {g : DfoS) ^C:\\g\\ p : || 5 |U + V M (g) < +00}, 

where Vp^ comes from (|4.8j) . Obviously || is a norm on H^j and endowed 
with this norm becomes a banach space. For every function F : G —* ^(H^) and 
every £ € J{f) define the function : G — > ^(H^, H^) by the formula 

P e (A)V> = (P(A)V>)b( S)5 ), 

where L(H l g,H l g i ^) is the Banach space of bounded linear operators from to 
We start with the following. 

Lemma 7.1. Let G be an open subset of a complex plane C and fix a function 
F : G -> £(11/3). If for every £ G the function F 5 : G -> ^(H^, H^) is analytic 

and sup{||^(A)|| /3 : £ G A G G} < +00, then the function F : G -> £(1^) is 

analytic. 

Proof. Fix A G G and take r > so small that D(X°,r) C G. Then for each 

e g 

00 

*HA) = X>.»( A ~ A °) n < Ae^(A°,r). 

n=0 

with some a e ,„ G ^(H^, FL^f). Put M = sup{||P e (A)||^ : £ G J(/) : A G G} < +00. 
It follows from Cauchy's estimates that 

(7-1) \\ac,n\\f> <Mr~ n . 

Now for every n > and every j€H|3, set 

a "(5)0) = a z, n (g)( z )> z e ^(/)- 

Then 

(7.2) ||<ln5||oo < ||az : n||oo||g||oo < | \d z ,n\ \/3 1 |sl 
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Now, if \z — £| < 8, then for every g £ H3 and every w £ 5) fl D{z, 8), 

oo 

2 ^,n(5)H(A - A )" = (F S (A) 5 )H = = (f,(A)ff)(«0 



n=0 



5>,,„(. 9 )M(A-A°)» 



n=0 

for all A £ D(X° , r) . The uniqueness of coefficients of Taylor series expansion implies 
that for all n > 0, 

a? : n(ff)(w) = a Zin (g)(w). 
Since £, 2 G D(£, 8) H <5), we thus get, using (|7.ip . 

K(s)(*0 - MffXOI = l%,n(s)(*0 - a£,n(s)(£)l = l a «,™(5)(z) ~ a£,n(fl)(£)l 

<IKn(3)ll/ 3 |^-^l| /3 <IK,n||^ll5ll^lC-^l| /3 

<Mr-|| 3 || /3 |e-z||' 3 . 

Consequently, vp(a n {g)) < Mr~ n \\g\\p. Combining this with (|7.2[) , we obtain 
IK(#)||/3 < SMr-™!!^. Thus <z„ e ^(H^) and \\a n \y < 2Mr~ n . Thus the 
series 

00 

5> n (A-A°)» 
n=0 

converges absolutely uniformly on D(X°,r/2) and 1 1 X^^Lo a «(A — A°)"| \p < 2M for 
all A £ D(X°, r/2). Finally, for every g £ Hg and every z £ J(f), 

(00 \ 00 00 

£ a n (A - A )" g(z) = £ a„( 5 )(z)(A - A )" = £ a„(. 9 )(z)(A - A )™ 
n=0 / n=0 n=0 



X>»,„(A-A ) n } g(z) = F z (X)g(z) 



\n=0 



= (F(\)g)(z). 

So, F(X)g — (Y^,n=o a n (X — A )") g for all g £ Hp, and consequently, F(X) — 
E^o a «( A " A °)™' A e D ( X °> r / 2 )- We are done - D 

The main technical result of this section is the following. 



Theorem 7.2. Suppose that G is an open subset of a complex space C d with 
some d> 1. Suppose also that for every A £ G, <j)\ = —t\ log \f'\ T + h\ : J{f) — > C 
is a /3-H61der loosely tame potential and the following conditions are satisfied. 

(a) supIIII/iaIH/3 : A G G} < 00. 

(b) The function A 1— > t\(z), X £ G, is holomorphic. 

(c) For every z £ J{f) the function A 1— > h\(z), X £ G, is holomorphic. 

(d) inf{Re(i A ) : A £ G} > p/f. 

Then all the potentials tfi\, X £ G, are tame and the map A 1— * £ L(Rp), X £ G, 
is holomorphic. 

Proof. By (d) all the potentials 4>\, X £ G, are tame. Put 

H = sup{|||/ia|||/3 : A £ G} < 00 and I = inf{Re(i A ) : X £ G} > p/f. 
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Wc therefore get for for every A € G and every v E J{f) that 

(7-3) II exp(^A o /-^Hoo < e ff |/'(«)|- i . 

In virtue of Hartogs Theorem we may assume without loss of generality that 
d = 1, i.e. G C C. Now fix A € G and take a radius r > so small that 
D(A°,r) C G. In view of (b) and (c), the function A i— ► exp(<^> A o fy 1 (zj) is 
holomorphic for every z € D(f(v), 8). Consider its Taylor series expansion 

oo 

exp(0 A o f-\ z )) = a Vtn (z)(X - A )", A e D(X°, r). 

n=0 

In view of Cauchy's estimates and (|7.3j) we get 

(7-4) |a,,„(z)|<e ff |/'( W )|^r-", 

and, using in addition Lemma 15.31 

\a v , n (w) - a v . n (z)\ < r~ n \ exp(0 A o Z" 1 ^)) - exp(<£ A o Z" 1 ^))! 

(7.5) < c(/5, c(/3,^(0)))| ex P (0 A o /- 1 («))|r" n k " *? 

<c\f(v)\- l r- n \w-z\^ 

where c = e H c((3,H + u(log |/'(f)| T )) sup{|i A | : A G Z?(A°,r)}. Take an arbitrary 
,g G H^j and consider the product a Vyn (z)g(f^ 1 (z)). By (|7.4|) we get 

(7-6) KnCW^C*))! < e^l/'WI-'r-^Hfflloo, 

and, in view of l|7.5[) and l|7.4[) . we obtain 

K.nM^Cf^M) - a v , n (z)g(f~ 1 (z))\ < 

< \a v ,n( W ) - a v,n( Z )\ ' HfflU + \av,n( Z )\\\9\\l3L P ^~ P \w - zf 

< \r(v)\- l r- n (c + e H L^-P)\\g\y\w - zf 
= c 1 |/'(«)|^r-"|| ff ||^| W -^|' 3 , 

where c\= cl + e H L 13 ^ 13 . Combining this and (|7.6j) we conclude that the formula 
N v ^ n g{z) = a Vtn (z)g(f~ 1 (z)) defines a bounded linear operator N V;n : Hp — > H^, 
where £ = /(^), and 

||jv«,nll/9<(a + 8i)l/»l>- n . 

Consequently the function A 1— » N v n (X — A )™, A S D(X°,r/2), is analytic and 
||JVo,ti(A — A )"^ < (c + ci)|/'(u)|-'2-™. Thus the series 

OO 

n=0 

converges absolutely uniformly in the Banach space L(H / g,H / 3^), 
(7-7) \\A x , v \\ <2(c+c 1 )\f(v)\- 1 

and the function A 1— > A\ >v £ L(H^,H^), A G D(A°,r/2), is analytic. Note that 

^A,uff = exp(0 A o f~ x )go f- 1 . 
Since by (d), / > p/a, it follows from (|7.7p that the series 
£ AjC = £ A A ,„, A e D(X°,r/2), 
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converges absolutely uniformly in the Banach space L(H.p,Hp£), 

\\£x,t\y<2(c + c 1 ) \f'{v)\- 1 <2{c + c x )M n , 

and the function A £x,i, A G D(X°,r/2), is analytic. Since C\,£ = (£a){, 
invoking Lemma 17.11 concludes the proof. □ 



7.2. Analyticity of pressure 

In this section we consider a special (affine) family of potentials and we apply 
Theorem 1731 Let 

4> = -h log \f'\ T + hx : J(f) — ► K and tp = -t 2 log |/'| r + h 2 : J(f) R 

be two arbitrary loosely tame functions. Consider the set 

Ei ((/), tp) := {q G C : Re(g)*i + t 2 > p/r} . 

The key ingredient (following from Theorem l7.2p to all further analytic properties 
of " thermodynamical objects" appearing in this section is the following. 

Proposition 7.3. If <f>, tp : J{f) — > K are two arbitrary tame functions, then 
the function q i— > C q j,+^, q G Ei(^, tp), is holomorphic. 

Proof. Fixing qo G T,\{<p,tp) and taking r > so small that G = D(qo,r) C 
D(qo,r) C Ei((^>, ■0), we see that all the assumptions of Theorem 17.21 are straight- 
forwardly satisfied. Thus, invoking this theorem, we are done. □ 

Let us now derive some consequences of this proposition. We start with the follow- 
ing easy but useful fact resulting immediately from Holder's inequality. 

Lemma 7.4. If <p and ip are arbitrary tame functions, then the function q i— > 
P(q4> + ip), q G Ex(0) i>) n R , is convex. 

For every q G Ei(</>, VO 1 "^ let : — > be the projection operator associated 
to the operator Lq^+ip via Theorem 16.51 Let 

Sq = £,q({,-\-ip Ql,<7 

be the difference operator appearing in Theorem 16.51 and let 

Pq = Pqcj>+4> 

be the eigenfunction of C q< p+t(, (fixed point of C q ^+^) also appearing in Theorem l6.5l 
Using heavily Theorem 17.31 and the perturbation theory for linear operators (see 
[Kaj for its account), we shall prove the following. 



Lemma 7.5. If <j> and tp are arbitrary loosely tame functions, then all the four 
functions q 1— > P(q<f> + ip),Qx iq , S q , p q , q G £i(0, tp) n K, are real-analytic. 
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Proof. Fix qo G £i(0, i/j) flR. Applying now Proposition [T73l the perturbation 
theory for linear operators (see [Ka ) and Theorem 16.51 we see that there exist 
R% > (so small that D(qo,Ri) C Y,i((f>,ip)) and three holomorphic functions 
7 : D{q ,Ri) -> C, Q : D(g ,-Ri) -> ^(Hp) and p : D(go,-Ri) -> Hp such that 
7(<7o) = e^ ^) and p(g ) = Pg 4>+V" for ever y <? € D(q ,R{) the number 7(g) is 
a simple isolated eigenvalue of the operator £ q( j, + ,p with the remainder part of the 
spectrum uniformly separated from 7(g), /9(g) is its normalized eigenfunnction, and 
Q(q) : Hp — * Hp is the projection operator corresponding to the eigenvalue 7(9). 
In particular there exist < R2 < Ri and r\ > such that 

(7.8) E 1 (r,^)nD(exp(P( 9 b0 + V)),T?) = { 7 (g)} 

for all q G D(q , R 2 ). In view of Lemma [7^1 there thus exists i?3 G (0, i? 2 ] such that 
P(g^ + -0) = l°g(7(<7)) f° r all D K (q , R 3 ). Consequently also Qi tQ = exp(-(P(qcj) + 
^p))Q{q) for all q G Dr(<7o, -R3) and <?(q) = p q< p+,p. The proof is now completed by 
noting that S q = exp(-(P(<2<0 + i/)))C q ^ + ^ - Qi, q . □ 

Put 

EaO, V) = {(«.*) e C x C : Re(g)ti + Re(t)t 2 > • 
We will also need the following, strictly speaking stronger, result. 



Lemma 7.6. If <f> and ip are two arbitrary tame functions, then all the four 
functions (q,t) i-> P(q<f>+tip), Qi,( 9 ,t); Sq >t ,Pq,t, where € E 2 (<?!>, V0> ( trie objects 
Qi (q t t)i Sqji Pq,t have obvious meaning) are real-analytic. 

Proof. The proof goes with obvious modifications exactly as the proof of 
Lemma 17.51 □ 



Lemma 7.7. For every q G Y, 1 (<j),ip)r\R there exist 77 > 0, C > and 9 G (0, 1) 
such that D(qo,r]) C Ei(</>, i/>), 

< C0", ||£^|| a < C and ||p,^|| a < C. 
for all q G £>R(qo, ??) and all n > 0. 

Proof. It follows from Theorem 16.5T b) that there exists it > 1 such that 
H'Sgolla < 1/8. Hence, in view of Lemma [7.51 there exists 77 > so small that 
Ar(<7o,??) C Ei(0,V) Hi and ||S£|| Q < 1/4 for all g G D M (q Q ,i]). Using again 
Lemma T7. 5 1 we see that ||S g || Q < M for all q G DM.(qo,rf) and some M > 1. Hence 
I \S q \ \ a < for all q G -Dr(c7o, rf) all j = 0, 1, . . . , u— 1. A straightforward induction 
shows now that there exists a constant Ci > such that ||S^|| Q < Ci(l/2) n / u for 
all n > 0. Taking 77 > sufficiently small, it follows immediately from Lemma 17.51 
that ||Qi, 9 || Q < C 2 for some C 2 > and all q G D(q ,rj). Hence H/^+^IU < 
||Qi,g||a + H-S^llc <C 2 + C\. Taking C = C\ + C 2 , we are therefore done. □ 

Now we shall prove the following strengthening of Theorem 16. 161 



COROLLARY 7.8. Fix q Q G Ei [<j>, ^)nR and let 77, 9 and C come from Lemma FfJl 
If u G Hp, q G (qo — S, qo + 6), and v G , then for all n > 

c,, n (u,u) <2c 2 (i + c)r||7i|| Q || w || L i i , 
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where C q . n is the corellation function with respect to the measure jU g< ^+^,. 

Proof. Write fi q = fJ, q( /,+^, m q = m qtj>+ ^, p q = Pqt j,+^, U = u ~ Pq (u) = 
u — J p q udm q and V = v — (i q (v) = v — J p q vdm q . Using then Theorem 16.51 and 
Lemma 17.71 we obtain for every n > that 



Cq t „(u,v) = 



U-(Vo p)dp q 

q(u Pq -(Vor))dw 

VS q l (U Pq )dm q 



Up q ■ (V o f n )dm q 
V ■ C n q {U Pq )dm q 
I \V\\S n q {Up q )\dm q 



< \\s?(u Pq 



\V\dm q <\\S?(y Pq )\\ a 



<\\S^\\ a \\Up q \\ a (l + \\p q \U\\v\\L in 

<ce n 2\\u\\\ a \\ Pq \ui + c)\\v\\ Ltn 

<2C7 2 (l + C7)r|| W ||| a || U || L i 



We are done. 



□ 



7.3. Derivatives of the Pressure function 

In this section we derive the formulas for the first and second derivatives of the 
pressure function. Throughout the entire section <p : J{f) —f M, a tame function, 
and ip : J{f) — > M, a loosely tame function, with some Holder exponent (3 6 (0, 1], 
are fixed. All other considered loosely tame functions are also supposed to have 
Holder exponent f3. For every loosely tame function f = — t log \f'\ T + h write 

t = £ and h = £o- 

In the proofs of Lemma [7T3] and Theorem 17. 151 we will frequently need to estimate 
the norms of the functions C 1 ! (£) , where n > 1 and £ is a loosely tame function. We 
would like to apply Lemma [7/71 however although £ is Holder continuous, it usually 
need not be bounded. To remedy this difficulty we notice in Lemma 17.91 below 
that £<f,(C) is bounded (so belongs to H^). Writing then as £^ _1 (£0(C)), we 

may take fruits of Lemma 17.71 In fact Lemma 17.91 is somewhat stronger (arbitrary 
G E H/3 instead of G = 1) and this stronger form will be needed in the proof of 
Theorem 17. 151 We start with the following. 



Lemma 7.9. Suppose that <fr : J(f) — * M is a tame function, ip : J(f) — > K 
is a loosely tame function, and that £ : J(f) — ► M is also a loosely tame function. 
Then there exists ij > and T(Q > such that if \t\ < r/ and G € Hp, then 
£ 0+t ^(CG) S H/3 and moreover \\C^{CG)\\p < r(C)||G|| /3 . In addition T(l) < C 
and T(a( + buj) < \a\T(Q + \b\T(uj) for all a, b e M and all loosely tame functions w. 
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Proof. Take 77 e (0, 1] so small that I := 4> — 7]\ij)\ > p/f. Put 1+ = cf> + r)\if)\. 
Then for every t G {—T}, rf) and every w € »/(/) we have 

- #) log |f hi. < { log ^ if !^»)|^ * 1 < a - nog |f H | T 

V ^ Sl V " \-Z+l0g|fH|r if|fH|r<l" S ' ^ ^ 

with some universal constant A > large enough. Hence 

(7.9) exp((-0-#)log|/'H|r) <e A |f (w)\~ l . 

Put B = I |0o I |oo + fyllV'olloo- Fix t £ ( f]i fj) and put C t = C^+t^. We may 
assume without loss of generality that P(0 + t^) = 0. Consider G € H^. Fix 
now u > so small that Z — u > p/f. There then exists C > so large that 
||Co||oo + |CI|log|/'H|r| <C\f(w)\ u T for all we J(f). Hence 

(7.10) |CH|<C|/'H|« 

for all w e J {f). Thus, using (|7.9p . for all 2 e we have that 

\Ct(CG)(z)\< J2 exp(0(y)+^(j/))|C(y)||G(2/)| 

<e B £ e Xp ((-0-#)log|f( 2/ )| T )|f(y)|^||G|| oo 

(7.11) ye/-!( z ) 

<c e A+s ||G|u X! l/ , (y)lr (, ~ u) 

<C e A + s Af ; _ u ||G|| , 



where M/_„ has been defined just after formula (|5.5p . Hence 
(7.12) ||A(CG)IU ^Ce^M^HGI^. 



By LemmalOlr = sup{c0+tV : \t\ < v} < +°°- Now fix x G J(f) and y G £>(x, 5). 
Write f~ l (%) = {x k } k x L 1 and t/fc = f^(y), k>l. We then have for all fc > 1 that 

|C(^)G(y fc ) - C(^)G(x fc )| < |C(x fc )| • |G(a*) - G{y k )\ + \G(y k )\ ■ \((x k ) - C(lfc)l 

< iC^IAHGII^y - af + ||G||ooH(0ll/ " xf 
<\\GMA\((x k )\ + V b (0)\y~xf 
<C\\G\\p\(f(x k W T \y-xf, 



where the constant C > is so large that (|7.10| remains true with |C(w)| replaced 
by A|£(u>)| + Vfc(C) and A comes from Lemma 14.101 By Lemma [531 T sup{c,h+t,i, : 
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\t\ < v} < 00 • Now, using this lemma, Lemma l4~9l and (|7. 10|) we get 

|A(CG)(t/)-A(CG)WI = 

oo 

= || ^2exp(<p(y k ) + tip(y k ))((y k )G(y k ) - exp(jf)(x k ) + tip(x k ))((x k )G(x k )\\ 

k=l 

oo 

< || \C{yk)\\G(yk)\\\ exp(<p(y k ) + ttp(y k )) - exp((f>{x k ) + tip(x k )) | + 

k=l 
oo 

+ ^ exp(0(z fc ) + tip(x k )) \((y k )G(y k ) - ((x k )G(x k )\ 

k=l 

oo 

< CT\\G\ U \(f(yk)\r exp(0(^ fc ) + \y - 

OO 

+ C\\G\\ P Y\(f'( x k)\ u T exp(4 ) (x k )+t^(x k )) \y - x \ 
*i=i 

oo 

< C7(TK T " + 1)11011^2/ - ^ |(/'(z fe )|? exp(0(z fc ) + t^{x k )) 

k=l 

OO 

) 



< Ce A+B (TK? + l)\\G\y\y ~ xf £ \{f {x k )\-^ 



k=l 



< Ce A+B Mi- U (TK^ + l)\\G\\ fj \y - xf, 

where the second last inequality was written due to (|7.9|) and the definition of 
B, and the justification for the last inequality is the same as that for the last 
line in 1(731]) . Hence, we obtained that Vp(£ t {(G)) < Ce A+B M^ U (TK^ + 1)| \G\ \ . 
Combining this and (|7.12|) . the proof of the first part of our lemma is complete. The 
second part follows immediately from Lemma [7.71 The last part is an immediate 
consequence of linearity of the operator Ct ■ □ 



Remark 7.10. Notice that if Ci and £2 are two (3- Holder functions, then for all 
x, y G c7(/) with \y — x\ < S and x k , y k as in the proof of Lemma 17.91 we have 

Ki&iVk) - Cidfo)! = |Ci(!te)(C 2 (!te) - + C2(ar fc )(Ci(l/*) - Ci(zfc))l 

< \Ci(Vk)\MVk) ~ Ca(a*)l + \(2(x k )\\(i(yk) - (i(xk)\ 

< \Ci(yk)\v p (C2)\y - xf + Mx k )\v fi (Ci)\y - xf 

<2Amax{F /3 (Ci),^(C2)}max{|C2(^)|,|Ci(yfc)|}|y-^|' 3 . 

Therefore, the proof of Lemma [71J] goes through with obvious modifications with £ 
replaced by the product of any two tame functions. 

Before we formulate the next lemma, observe that the absolute value of a loosely 
tame function is is also loosely tame (in fact if p is loosely tame, then \p\ = |/5|), 
and consequently, the absolute value of the product of two loosely tame functions 
is a product of two loosely tame functions. 
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Lemma 7.11. Assume that p is either a loosely tame function or a product of 
two loosely tame functions. With the assumptions and notation as in Lemma l7.9[ 
we have that 



^ |p|dTO0 +t . < r(|p|) 

for all t € (—77, 77). 

Proof. Indeed, in view Lemma 17.91 and Remark 17. lOi we have 

\p\dm^ + t^, = J C4 >+ ti,(\p\)dm< t , +t Ti> < ||£<H-tV>(H)lloo < ||£ <? M-tV>(l/'l)ll/3 < r (lpD- 
We are done. □ 

We are now able to establish the following strengthening of Theorem 16.161 

Lemma 7.12. Fix tj £ Y,i(ip,<fi) and let 77, 9, and C come from Lemma T7.7I If 
each function p is either a loosely tame function or a product of two loosely tame 
functions and if s £ {—rj, 77), then for all n > 1, 

C s , n (C,p) < C 2 (l + C)T(\p\)(T(C) + c 2 r(\(\))e n -\ 

where C Si „ is the corellation function with respect to the measure p^ s ^,. 

Proof. We use the obvious notation p Sl m s , and p s . We put C — C — A*s(C) an d 
~p = p — p s {p)- Notice that by Lemma 17.111 and Lemma |7.7[ we have 
(7.13) 

\p\dm s < / (\p\ + \fi„(p\)dm a < / \p\dm s + / \p\p s dm s < T(\p\) + C \p\dm s 



<(l + C)T{\p\). 

In view of Lemma 17.91 the estimate |/J S (C)| < CT(|C|) obtained in the computation 
of the previous formula, gives 

(7.14) r(0 < r(0 + MC)ir(i) < r(c) + c 2 r(|c|). 

Proceeding now exactly as in the proof of Corollarv l7.81 utilising (|7.13|) , Lemma lTTTI 
Lemma El Remark [7TTU1 and (fTTT^j) . we get 



p£ n s{(,Ps)dm t 



pS^iLsiCps^dm, 



-pt n - l (£ s {C Ps ))dm t 



< J mwsr'iUcpsMpdms 



= \\sr 1 (£ s (tPs))\u j mdm^ws^Mc^ps) ui +cn\ P \) 

<c(i + c)r(\p\)d n - 1 \\c s (cps)\y<c(i + c)r(\p\)e n - l r(0\\Ps\\p 



<c 2 (i + c7)r(H)(r(c) + c 2 r(ICI))^ 



n-1 



We are done. 



□ 



The next lemma is the key point in the proof of Theorem l7.14[ providing a formula 
for the derivative of the pressure function. 
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Lemma 7.13. Assume the same as in Lemma T7.9I Fix x E J{f)- Then 
.. 1 E»e/-»(x) S nC(y) exp(5„(^ + #)(y)) _ f 

uniformly with respect to all t G (—77,77), where 77 comes from Lemma 17.91 
Proof. Put for every (el, 

= C-tj>+tif> and £f = Cfy+tip 

and 

.9t = £/</>+# = Qi.tW 

First observe that nth term of the sequence from our lemma is equal to 
(7.15) 

1 ^ encopjx) 1 ^ cr j (cciw)(x) 1 tr 3 '\c t (ctiw)){x) 

nf^ £?(l)(x) nf^ £»(l)(x) n 

We now look at the difference - X)?=o ~ t FnHTr^ ~ I C^M^+tV anc ^ S P U * it into 
three terms each of which will turn out to converge (uniformly in t) to zero because 
of Lemma 17.71 and Lemma ITU1 Indeed (note that Q\ t t = gt), 

1 cr 3 -\^CCi(i)))(x)(Q 1 4i)(x)~cui)(x)) 

n h t^){x)g t {x) 

^2 [ A(C^t( 1 )) dm *+*V'+ I A(C^t(l))dm^- / C^+tv 

n j=o J \ n j=o J J 

=3 t - 1 w-E( jC r j '" 1 (^(c^(i)))(^)-fftW c t (cci(i))d^ +t ^+ 
n 3=0 j 

- ±(Q M (i)Cc) - £r(i)W) J 1 1 m 1 



" ' st(i)r?(i)(i) 
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(7.16) 



1 n— 1 



n 



3=0 



+ ~(Qi,tW(x) -C\ 



1 71-1 /" 

71 3=0 J 

It immediately follows from Lemma 17.71 and Lemma 17.91 (with G being of the form 
£j(l)) that the /3-H61der norm (and so the supremum norm as well) of the second 
summand converges to zero uniformly with respect to t G (—17, rj). Dealing with the 
first summand notice that, in view of Lemma 17.91 and Lemma 17.71 applied twice, we 
get that 

\\C n t - j - l {£t{Q£iW))-9t j A(C4(l))d"V+ttf||/J = 

= \\cr j -\M^iw))-QiAMUiw))\b 

<ii£r , '~ 1 -Qi,tii/jiiA(c^'(i))ii/j 

< cricwr 3 - 1 ~ Qi, t \\p 
= cv(o\\sr j -% 

< c a r(c)5 n_i ~ 1 

Therefore, applying Lemma 17.71 we see that the first summand in the last part of 
(17.161) converges to zero uniformly with respect to t £ ( — 77, 77). It follows immedi- 
ately from Lemma 17.111 and Lemma 17.71 that so does the third summand in the last 
part of (|7.16[) . We are done. □ 

The first main result of this section, the formula for the first derivative of the 
pressure function, is this. 



Theorem 7.14. Suppose that (j) : J{f) — > K is a tame function and ip : J{f) 
R is a loosely tame function. Then 

d f 
Proof. Fix x E J(f). Put 

P„(t) = - log e M S n& + #)(</))■ 

Then 

dPn _ 1 Syez-fr) S n^{y) exp (0 + #) fa)) 
dt n E ye /-"( a; )exp(5 , „(0 + iV')(2/)) 



72 



7. REGULARITY OF PF OPERATORS AND TOPOLOGICAL PRESSURE 



and, in view of Lemma fT. 131 ^f' converges uniformly with respect to t G {—T),T}) 
to J ipdlJ,<t>+ti>- Since, in addition, lim n _>oo P„ (t) = ~P{4> + tip), we conclude that 
= J ipdfi^+tip for all t G (— 77, rf). Taking ( = 0we are therefore done. □ 

We are now in position to prove the following second main result of this section, 
the formula for the second derivative of the pressure function. 



Theorem 7.15. Suppose that <j) : J(f) — > K is a tame function and : 
J{f) — > K are loosely tame functions. Then 



where 

o- 2 (^,C) = lim - [ S n (ip - H4,(tlj))S n (( - ^((^d^ 



fe=i " 

(if ^> = £ we simply write cr 2 (^) for cr 2 {ip, ip)) 
Proof. Put 

The symbols m s , /i s and p s have also the corresponding obvious meaning. It follows 
from the proof of Theorem 17.141 that 

(7.17) — — — . n P(fii+sV'+tC) = -r I™ ^ — — ? — ; t^Tn ~ 

for all s sufficiently small in absolute value. Fix x E J{f), n > 1 and abbreviate 
the notation J2 y ef- n (x) to Ey Let 

ds{ £ y exp(S„(0 + ^)(y)) )' 

The idea of the proof is to show that the sequence (^A„(s))°° converges to ct 2 (V>, C) 
uniformly on some sufficiently small neighbouhood of zero. In fact we will show 
that |A n (s) — / S n yp — ^ s {ip)jS n \C, — fj, s (())dfi s \ stays uniformly bounded on such 
neighborhood. The proof will consist of six steps starting with measures fi St n (in- 
stead /j, s ) and ending with the measures // s . 
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Step 1: We have this. 

E« Sni>(y)S n ((y) exp(S n {(j> + sijj)(y)) 



A„(s) = = 



E B exp(5„(0 + «V)(y)) 
(E„ SnHv) exp(g»(0 + siP)(y))) SnCO/) exp(ff»(0 + s^)(y)) 



(E y exp(5 n (0 + S V)(y))) 2 



S n ipS n (dfj, s . n - / S n ipd(j, s , n / S n (dfi s ,„ 



i=0 j=0 ' 



where 



n— 1 n— 1 

EE (*°/'' ^-.nCV' ° f )) (Co/'" M S ,n(C o r))d/i s 

Ey <^ exp(S n (</> + sip)(y)) 



E v exp(5 n (0 + sV)(i/)) 



and 5j, is the Dirac measure supported at y. In order to simplify notation put 

i/>i = ^° /*, Cj =(° P and 



Fix now 0<i<j'<n — 1. Then 

-£r j '(- £ r < ((^-M.,n(^))^(i))(c-/*.,»(o)))(a;)) 



Step 2: In this step we approximate Ej j by the same terms with measures 
m s instead of ^ Sj „. This is eventually done in (|7.24|) . (|7.25|) and (|7.26[) . If j > i, it 
follows from Lemma [7771 and Lemma [7751 with G being of the form £*(!), that for 
every s S (—77, 77), we have 
(7.18) 



= ||5r < - 1 (£ s ((V-M S ,n(Vi))4(l)))ll/3 

<c^- i - i nA((v-M S ,n(^))>c:(i))i^ 
<c^- < - i (ii^((^i(i))ii /3 +M.,»Wi)ii^ 1 (i))iii9) 

< C^'-^-^CT^) + C|^ s , n (Vi)|) = C 2 ^'-*- 1 ^^) + |M.,„(Vi)|) 

In view of Theorem l5.15f 4) there exists n\ > 1 such that for all n > n\, £™(l)(x) > 
p s (x)/2, and in view of Lemma [7.51 p s (x) > g(x)/2 assuming 77 > to be small 
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enough. Denote go(x) by g. Using Lemma \7. 71 and Lemma I7T91 we then get 
(7.19) 

i£?Vi(z)i _ \cr i £ i s ^°p){x)\ _ |ir*W(i)) (*)i 



|£™l(or) 



£«l(a:) 



£?l(aO 



£™l(z) 



£»!(*) 



< 



4C 2 r(^) 



It therefore follows from (I7.18|) that 



(7.20) 



Now 



(-0 - Li s , n {il) i ))C' l s {l)dm s \ = 
= | f C s (ipll(l))dm s -/x s>n (^)| 



£ s (V<(l))dm s 



|£^l(x) J £ a (^(l))dm a 
£»l(x) 



= |£?l(x)/£(V>£ B (l))dm fl -£?-'£ fl (^)(a;)| 
£?!(*) 

_ \£^(x) J £ s ^£j(l))dm s ~ £^(^£j(l))(x)\ 
£™l(z) 

£™l(x) u J 

Assuming now that n > n\, it therefore follows from Lemma 17.71 and Lemma 17.91 
that 



(V> - fJ- s , n {ipi))£ l s (t)dm s 

cr(^)|s?(i)(i)| + isr^AtV'AW))^)! 



(7.21) 



< 



< 



5/4 

c* 2 r(v>)6> n + C6»"- i - 1 cr(V') 



5/4 

< 8C 2 T(iP)g- 1 9 n - 1 - 1 . 
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Assuming 77 > to be small enough, we have g = sup{||p s ||oo : s 6 (—??;??)} < 00. 
Combining now (17.21j) and (|7.20|) . we get for every j = 0, 1, . . . , n — 1 that 



(7.22) 



^£r(«>-Ms,n(^))4(l) 



i=0 



< (c 2 r(^(i + 4CV 1 ) + sc 3 ^).^ 1 ) £ 

z=0 

00 

< C 2 e- l T(i(j) (1 + 4CV 1 + SCg- 1 ) Q1 ■= c i < °°- 



It therefore follows from Lemma [7771 Lemma [731 (|7.22j) and (|7. 1 9[) (with ipi replaced 
by Ci), that 



i=0 





J i=0 

£r i_1 (a ^^((^-^,4^))4w)(c-^, n (o))lj - 

-p. J £ s ^£r i ((^-^,„(^))r s (l))(C-^n(0))^ dm, 

si 1 -'- 1 (c s ^^((^-/x s ,„(^)Ki(i))(c-/i s ,„(G)) 

<C^- X £ s ^£r((V'-^,r l (^))4(l))(C-^,n(0)) N 
\i=0 

rr--'- l ( 4f^£r((^-M S ,n(^))4(i))C 



< 



+ lMs,n(Ci)l 



(7.23) 



< cr^- 1 (r(c)c7 1 ) + i^^Olcd) 
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where C 2 = CCi(r(C) + 4C 3 r(C)£T 1 ). Now 

£r*((V; - ^,n(^))4(l))(C - Hs,n(Q))dm s = 

C^(Ci~ l ((^ - ^ s ,„(^))£i(l))(C - /'-.'• ' : Cj •' ) ) 
= / £?(W>i - Ms,nC0i))(Cj - Hs,n{Q)))dm s 
{ipi ~ Vs,n(i>i))((j ~ Hs,n((j))dm s 



Combining this and (17.23p . we get 

, 3-1 3-1 



3-1 
j=Q 

/ 53^- i ((V»-M.,n(^)Ki(l))(C-M.,n(C J -))dm s + 



(7.24) 



< 



+ (ftW-ciw) / ^£r i ((v--^,n(^))>c:(i))(c-^,r l (o))rfm f 

4=0 

(£ i ;i(x)) _1 (c7 2 ^- 1 + 



C8 % 



3-1 



< Ag- 1 C 2 e n - J - 1 +C6" 



3-1 



£ s (^£r i (^-^n(^))^(l))(C-^n(0))) 



i=0 



-lnn-3-1 



< 4 3 - 1 (c 2 r^" 1 + ce n c 2 ) < sc 2 c g - 1 e 

Let us now deal with the case when i = j. It follows from Rernark l7.10l Lemma [7771 
Lemma 17791 and ([TJ9)) that 

" M s ,n(^))^ s (l)(C - ^,n(C-))) 11/3 = 
= ||£ s (^ s (l)) -A*.,n(C-)-C.(^(l)) -/x s> „(^)A(C4(l)) + 

+ ^,n(^)M,,n(0)^ +1 (l)|| /3 

< 1 1 A (^j(l)) 1 1/9 + l/*.,n«j)l 1 1 A (^j(l)) ||/3 + |M S ,n(^ ) 1 1 14 (C-Cj(l)) ||/J+ 

+ K„(^)IK„(0)|||£i +1 (i)IU 

< ct(^C) + 4. 9 - 1 c 2 L(c)r(^)c + 4<r 1 c 2 L(^)r(c)c + i6. 9 - 2 c7 4 r(c)r(^)c 
= c(r(^c) + c 2 . 9 - 1 L(c)r(^)(2 + 4C 2 5 - 1 )) 
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Denote this last constant by C3. We then have 



< \\C s ((yj - / x s ,„(^))£i(l)(C - Ms,n(0)))IU 

< ||£ S ((V> - /X s , n (Vi))£i(l)(C ~ /*.,»«*))) Il/S < C 3- 

Applying now Lemma \7.7\ we therefore get 

-#(1) I (V-M s ,n(^))£i(l)(C-/x S) „(0))rfm s ||^ 

< ii^r i_1 A((^ - ^,„(^-))£i(i)(c - M S ,n(o)))- 

- Ps J £s((lp - A 1 s,n(V'j))£i(l)(C - /U«,n(Cj)))*™ a + 

+ (p. - £»(!)) 1 £ S ((V - M.,»(^i))^(l)(C - M.,n(0)))d"».||^ 
= llSJ-i- 1 ^^ - /x s , n (V>i))£ s (l)(C " M S> n(Ci))) + 



+ C9 n 



But 



< Cff^^Cz + C6 n C 3 < 2CC 3 9 n ~ j ~ 1 . 



= [ £i(Oj - Ms,n(^))(Cj - HsACj)))dm s 
(ipj - Ma,7»W'j))(Cj - Vs,n(Cj))dm s 



and consequently 

- I - M.,n(^))(C- - /*.,n(C-))dm a | < 2C7C 3 (C(l)(^))" 1 r--''- 1 



(7.25) 



Combining this and (|7.24[) . we get 
(7.26) 



j J r 

X! Ki >3 ~ X! / ~ M»,nW>i))(Ci - fJ-s,n{Ct))dr 

a n n *■* 



i=0 i=0 
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Hence, this step is concluded by the following. 
(7.27) 



71— 1 71— -L /. 

|A„(s) - ^2 ^2 (i>i- Ms,n(^i))(0 ~ Ms,n(Cj)) dm s| = 
i=0 3=0 ^ 
n-1 j j „ 

= | (52 K i>3 Ms,n(V , i))(Cj ~ Ms,n(C?))*71 s ) + 

3=0 i=0 i=0 J 

n—X k— 1 j 



fe=0 i=0 

n— 1 oo 

J=0 11 = 

= leCy- 1 ^ + C 3 )(l - < oo. 

Step 3: The third step is to show that the measures fi s>n can be all replaced by m s 
and the absolute value of the difference remains bounded. This is accomplished in 
(|7.29[) . Utilizing now the formula ab — cd = (a — c)b + c(b — d), we get 
(7.28) 



(ipi - fJ> s ,n(ipi))((j - fJ>s,n((j))dm s - J (tpi - m,(^i))((j - m s (Cj))dm s \ 

= I J((ipi - A f s,n(V-'i))(Cj - Ms,n(Ci)) - bl>i ~ m s (%l)i))(Q - m s (Q))dm s \ 

= I J ((ms(ipi) ~ fi s ,n{^))(Cj ~ Ms,n(0))+ 

+ (ipi - m s (ipi))(m s (Cj) - ^ a<n (Q))dm s \ 

= \(m s (lpi) - Hs,n{^i)){m s (C,j) - Ma,n(0)) + 

+ (m s (ijji) - m s (A))K(Cj) - Ms, "(0)1 
= |(m s (V>;) - ^ s ,„(V>i))( m s(Cj) - A*s,n(0))l 
= |m a (^j) - (l s ,n(i>i)\ ■ \ m s(Cj) ~ Ms,n(Cj)l- 

Since 

m s (ipi) - /i s , n (^i) = / ("01 - (J>s,n(ipi))dm s = I C s (ipi - fi St7l (ipi))dm s 



^ (if) - Li s , n (ipi))£l{l)dm s , 
it follows from (|7T2"Tj) that 

|m.(^i) - /i., n (lM| < 8C 2 M)- 1 r(^)0"-\ 

Similarly 

|m s (0) - Ma,n(0)l < SC 2 ^)- 1 ^^)^. 
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Combining these last two estimates along with (|7.27|) and (|7.28[) . we get 



n— 1 n— 1 



lb J- I L X p 

a n n « 



i=0 j'=0 



< 



(7.29) 



n-l 



< i6Cff _1 (C2 + c 3 )(i - e)- 1 + (8C7 2 ( 5 6»)- 1 ) 2 r(V')r(c) ^ e*-*? 1 -' 

i,j=0 

< 16C7 5 - 1 (C7 2 + C 3 )(l - 8)- 1 + (8C 2 M)- X ) 2 (1 - 0)- 2 r(^)r(C) := 



Step 4: In this step we show the integrals m s {jpi) and m s (Q) can be replaced 
respectively by fi s (^i) and fi s ((j)- This is done in (|7.32[) and f (|7.33p . Since for 
every k > and every loosely tame function u> : — ► K, we have 



(7.30) 



m s (w fe ) = m s (£^(w fe )) =m s (o;£^(a)) = m s (ws + u;S*(l)) 
= ^,(c;)+m,(a;S*(l)) = + m.(uS2(lj), 



it follows from Lemma [7.111 and Lemma [7771 that 



(7.31) |m.(w fc ) - m,K)I < ||^(l)|| 00 m.(|a;|) < ||5 s fe (l)||^r(|w|) < CT(M)0* 



for all s S (—77,77). We also have 



(w fc - /j, s (uj k ))dm s = J C k (l)(u! - n s (oj))dm s = j (p a + S k (l))(w - /j, s (u))dm s 
= J unp s dm 3 - fJ, 8 (oj) J p s dm s + J S*(l)(u - fj, s (uj))dm s 
= (i a (u) — Hs(w) + J S k (l)(uj - n s {uj))dm s 
= / S*(l)(u- /j, s (u}))dm s 



Hence, using Lemma [7771 and Lemma \7. Ill we obtain 



(uj k -^ s (uj k ))dm s \ < J \Sg(l)\\w — n s (u))\dm s 

< J \\S^(l)\\p(\u\ + \vs{u)\)dm s < C6 k J{\u>\ + Cm s {\u\))dm s 
= C(l + C)m s (\oj\)6 k < C(l + C)T{\uj\)9 k . 



so 
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Therefore, utilizing (|7.30|) . (|7.31|) . Lemma FTTH and Lemma l7.1H for every < i < j, 
we get that 



- Vs(i>i))(£j - M«(Cj)) - - WsO^XCj - m s ((j)))dm s \ < 

{{m s (i>i) - pt s (-0i))(Cj - Ms(G))+ 

+ - m s {4>i))(m s (C,j) - /i s ((j)))dm s | 

< | y (Cj - Hs((j))(ms{ipi) - n s {ipi))dm s \ + 

+ J \i>i - m s (ipi)\\m s (Q) - fi s ((j)\dm s \ 
<\ [(( j - f i s (Q))m s (i>S i s (l))dm s \ + J \i/>i-m a (il) i )\dm a Cr(\C\)e i 

< \m s ^Sl(l)) J (Q -/x s (Ci))dm s | +2m s (|^|)Cr(|C|)0 j 
= |m a (^(l))| • |m s (0 - MCi))l + 2m a (|V| J Ci(l))CT(|C|)^ 

< c^m s (|v|)C(i + c)r(|c|)^' + 2C7 2 r(^|)r(|ci)^' 

< c 2 (i + C7)r(|^|)r(|c|)^^ + 2C 2 r(H)r(|c|)^' 
<C7 2 (3 + C7)r(|^|)r(|c|)^". 



Hence, putting 



e 2 = 2C 2 (3 + C)r(|^|)r(|c|) W < 

3=0 



we get 



(7.32) 



i,j=0 



ij=0 



< En 



for all s S ( — 77, 77) and all n > 1. Thus, invoking (|7.29p . we get 



(7.33) 



n— 1 n— 1 /, 

A — n „■ — n " 



i=0 j=0 



< £/l + E2 



Step 5: This step is to show that the measure m s above can be replaced by /z s . 
This is done in ([7736]) and ([737]) . Put i> = tp - /x s (^>) and C = C - M«(0- For all 
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< ! < j we then have 



(j-i{Ps + Sl(l))dm s = J ipCj-iPsdm s + \ ipCj-iSl(l)dm 
^C j - i dn s + [ ti- i i^l j _ i S i s (t))dm s 



i>i(jdn s + Jcrns(Cs{ipSl(l)))p s dm s 
+ J CSr <-1 (&($S*(l)))dro. 



Let us now estimate the absolute value of the second summand. Using Lemma 1 7. 7 
Lemma 17.91 and Lemma I7.11[ we obtain 



< 



{St i - 1 (£s@SiW))drn s \ < / |C| SJ"*" 1 (£ S (^S*(1))) dm s 

ICI 1 1^"-^ 1 (^(^2(1))) | U^ s 

< ||5r i_1 (^^W))ll/3 / lC|dm s 

< C^'-^llA^SKl))^ | (|CI + |M.(C)l)*n. 

<cv+ 1 r(^||5i(a)||^(r(|ci) + ct(|c|)) 



< C7 2 (l + C7)r(^)L(|C|)^ 1 ^'. 



Hence, if < i < j, then 



(7.34) 



< C7 2 (l + C7)0- 1 L(^)r(|C|)^. 



Now, for every j > we have 

^C,rfm s = / #(l)^C*» a = / l>l{Ps + Si(l))dm s 
f ~Cp sdms + J~CSi W drn s 
^ j C j d^ s + f C s @CS J s (t))dm a 



S2 
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Hence, utilising Lemma 1779"! Remark \7. 101 and Lemma 17771 we obtain 



(7.35) 



| / ^dm,- J ^-C^Mal = I J £.@CSi{l))dm.\ 

< \\c s (^csiW)\\p < r(^o\\si(i)\y < ct^q^. 



Now, by Lemma 17791 Lemma \7 . 1 1 1 and Lemma 17771 we get 

< r(vc) + \n,M\r{Q + MC)|r(V) + M^K(C)|r(i) 

< r(W) + lkllocm s (^|)r(0 + ||p s ||o m s (|c|)r(^)+ 

+ C||p s ||Lm s (MK(lCl) 

< rtyc) + l|p.||^r(^|)r(o + ||p s |Ur(|c|)r(^) + c|| Ps |||r(|^|)r(|c|) 

< rtyc) + CT(|v»|)r(c) + cr(|c|)r(v») + c 3 r(H)r(|ci). 

We can therefore conclude (|7.35[1 by writing 



< c(r(vc) + cr(M)r(0 + cr(|fl)r(vo + c 3 r(|v|)r(|c|))^'. 

Denoting by £3 the maximum of coefficients of # J appearing in this inequality and 



in (|7.34[) . we get that 



(7.36) 



n—Xp p 



k=0 



Combing this and ()7.33j) . we obtain for all n> 1 and all s £ (— r),rf) that 



(7.37) 



n— 1 n— 1 „ 

A »( s ) - E E / w>< - M,(^))(o - 

,' n „■ n « 



i=0 j=0 



< + E 2 + E 4 . 



Denote again tjj — fJ,(ip) by ip and £ — M«(C) by £■ If we knew that i S™j=o ^iCjd^s 
converged to (J 2 (ip, £) uniformly in s £ (—77,77), (|7.37[) would finish the proof. We 
do it in the next step, Step 5, deriving simultaneously the second expression for 
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Step 6: We have 

n-1 



- / zl ^i d »° = 

i,i=0 

^ n—1 n—1 „ _^ n — 1 n—1 „ _^ ib— x » 

i=0 j=i+l J j=Q i=j+l i=0 

^ n—1 „ ri— 1 . ^ n—1 . 

- 5E / ^C^Ms + - ^2(n - 1 - k) / Tp( k dns + - ^(n - 1 - fc) / C^ k dfj, a 

i=0 J fc=l 17 fe=l 17 

\ /» l r l n— ^ f 

i/j(d[j, s + / V'Cfc^a--^ / ^(kd^s - ~ ^2(k + 1) / ip~CkdVs+ 

k—1 k—7i k—1 

+ 5E / c^M/^ - - X) / cv'fe^s - - 5E( fc + : ) / c^fc^ s 

fc— 1 fc— n fc— 1 

k—1 k—1 k—n 

1 n — 1 

- - E( fc + i)(c-,*Wso + c. lfc (c, ^)). 

fc=l 

It now immediately follows from Lemma 17.121 that all the series appearing in the 
last part of this formula are uniformly convergent with respect to s G (— f], rf), that 
the second two summands are uniformly bounded with respect to s € (—77,77), and 
the last two terms converge to when n — > 00 uniformly ith respect to s G (— ry, 77). 
Combining this with (|7.37|) . we see that iA n (s) converges to 

/oo 00 
k=l k=l 

uniformly ith respect to s e (—77,77). Applying now (|7.17|) completes the proof. □ 



CHAPTER 8 



Multifractal analysis 



Among other auxiliary results, we show here that the multifractal formalism holds 
for tame potentials <f> = — ilog|/'| r + h. The following notions are valid for any 
measures but we focus on the conformal measures and the equilibrium states 
l/ij,. The pointwise dimension of at z £ S{f) is given by 

(8.1) ^(,) = lim l0gM t (D( "' r)) 
K ' M * w r^o logr 

provided this limit exists. Note that d M0 (z) = d m . (z) since d/i^ = p^dm^ with p^ 
a continuous non- vanishing function (Theorem l5.15p . The object of the multifractal 
formalism is the geometric study of the level sets 

(8.2) £>,(<*) = {*e J r {f); d^(z) = a} 
and, in particular, we establish that the fractal spectrum 

(8.3) ^(a)=HD(^(«)) 

build a Legendre transform pair with the so called temperature function. As 
a main application we get that the fractal spectrum hchavcs real analytic. The 
temperature function will be introduced and studied in Section 18.21 after having 
provided the Volume Lemma and Bowen's Formula. 



8.1. Hausdorff dimension of Gibbs states 

If p is any probability measure of a metric space, then HD(/i) denotes the Hausdorff 
dimension of this measure p which is the infimum of the numbers HD(Y") taken over 
all Borel sets Y such that p(Y) = 1. If the local dimension d^{z) is constant a.e. 
equal to say d^ then HD(/i) = d^. If p is a Borel probability /-invariant measure 
on J(f), then the number 

x„ = J logins 

is called the Lyapunov exponent of the map / with respect to the measure p. The 
following result extends lots of similar results, usually referred as Volume Lemmas. 



Theorem 8.1 (Volume Lemma). If / : C — ► C is dynamically semi-regular and 
if <j> is a tame potential, then for /i^-a.e. z € J(f) the local dimension d^ . (z) exists 
and is equal to / . In particular 

HD(^) = K 



•s.i 
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PROOF. In view of Birkhoff's ergodic theorem there exists a Borel set X C 
J(f) such that n<p(X) — 1 and 



(8.4) lim i log | (/")' (z) | = X ^ and lim -S n <f>(x) = f <f>d H 

d e > 0. There then 

log i cry (x) i 



(8.5) 



< £ 



for every x G X. Fix a; G X and e > 0. There then exists /c > 1 such that 

1 

n 

for every n > k. Fix r G (0, (5) and let n = n(r) > be the largest integer such that 

(8.6) D(x,r)c /-"(£(/"(*),£)). 

Then D(x,r) is not contained in < "" +1 ' ) (Z?(/" +1 (a;), <5)) and it follows from the 
i-Koebe's distortion theorem that 

(8.7) r>- A 5\{r^)\x)\-\ 

Taking r > sufficiently small, we may assume that n > k. Applying Lemma l5.20l 
and utilizing (|8.6|) along with Lemma [4.111 we get that 

m$(D(x,r)) < / exp(S n (j} o - P(4>)n)dm^ 

JD{f»(x),8) 

< cexp(S n <l>(x) - Y{(j))n)m^D{f n {x),5)) < cexp(S n </>(x) - P((f>)n). 
Applying now (|8.7[) and (|8.5p , we obtain 

log m^(D(x,r)) log c + S n <j){x) - P(</>)n logc+ S n <j)(x) - P(4>)n 



logr logr log <5 — log 4 — log |(/ n+1 )'(a;)| 

> \ogc + S n (j)(x) -P(0)n 
~ log <5 -log 4- (x w -e)(n + l)' 

Dividing now the numerator and the denominator of the last quotient by n = n(r), 
letting r — > (which implies that n(r) — > oo) and using the second part of (|8.4| . 
we therefore get that 

li inf log ( m ^(- P ( a: ' r )) > Z / ^0 + P(0) 

Since, by Theorem 15.151 the measures fj,$ and are equivalent with positive 
continuous Radon-Nikodym derivatives , we obtain for all x G X that 

(8.8) Uminf l0g ^ (D(a: ' r) )>-^^ +PW . 

logr Xm* 

For every M > 0, let J M = J(f) H £>(0,M). Take M so large that fJ,^(J M ) > 0. 
Since the measure ra^ is positive on non-empty open subsets of J^(f), we get that 

W := inf{m (D(z, 5) : z € J M } > 0. 

In view of ergodicity of the measure and Birkhoff's ergodic theorem, there exists 
a Borel set Y C X such that fi(f,(Y) = 1 and 

lim -,5„(lj M )(a;) = ^(Jm) > 
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for all x E Y. In particular, if {rij}°^ 1 is the unbounded increasing sequence of all 
integers n > 1 such that f n (x) E Jm, then 

(8.9) lim ^+1 = 1. 

j^oo rij 

Keep x E Y and let Z > be the least integer such that 

D(x,r)D f-*(D(f(x),6)) 

for all i > I. Taking r > small enough, we may assume that I > max{fc,ni}. 
There then exists a unique j ' > 2 such that 

(8.10) Uj_i<Z<«j. 

Also /a; (-D(/' _1 (o;), <5)) is not contained in D(x,r), and it therefore follows 
from Koebe's distortion theorem that 

(8.11) rKKSKf 1 - 1 )'^- 1 . 

It follows from the definition of I and formula (18 . 1 0|) along with Lemma 14.111 that 

m^D(x,r)) > m^f- n >(D(P>(x),5))) 

exp(5'„ j > o - P(4>)rij)dm^ 



> c- 1 e X p(5„^( a; ) -P($nj)m* (£>(/»' (*),£)) 

> Wc^exp^.^r) - P(0)n,-). 

Applying now (f8~5]l . (|87|) and p7T0]> . we obtain 

logm^z, r)) < log(f ) + 5 n] >( a ) - P(0)n J < log(f ) + ^0(x) - P(^>)n j 

logr " logr " log(KS)-log\(f l - 1 Y(x)\ 

< togjf) + S^a) - P(0)n 3 < log(f ) + ff„ 3 0(x) - P(fln 3 - 

" log(K8)-{ x ^+e)(l-l) ~ log(KS) - + e)nj_i 

Dividing now the numerator and the denominator of the last quotient by i 
letting r — > (which implies that — > oo) and using the second part of (|8.4|) 
along with (|8.9p , we therefore get that 

log(m^(D(a:,r)) - f 0d/^ + P(0) 

lim sup — < — . 

r ^o logr 

Since, by Theorem 15.151 the measures and are equivalent with positive 
continuous Radon-Nikodym derivatives, we obtain for all x E Y that 

log(^(L>(x,r)) -/ <j)d^ + P((f>) 
lim sup ^— < — - . 

r^o logr 

Since, by Theorem l6.25[ P (0) — J 0d/i<j5 = h^, combining this inequality with l|8.8j) . 
completes the proof. □ 
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8.2. The temperature function 

Remember that, up to now, the metric and thus the number r was any number 
such that t > £ > — . The remaining part of this paper very much depends on 
the existence of the zero of the pressure function. We will see right now that the 
existence of that zero requires that r is sufficiently close to a 2 . In the following 
we can and do assume that this is always the case. Notice that the precise choice 
of the metric is without any importance since the pressure does not depend on it 
(Proposition I6.26P . 

Fix a tame potential 4> — — i log + h and consider the two-parameter family of 
potentials 

«^, T = -Tlog|/'| T +#; q,TeR. 
Note that 4> q ,T is a T + gi-tame function. 

Lemma 8.2. Let / : C — > C be a dynamically regular function of order p > 
that has the divergence type property (Definition 12. 4| . There exists To < a 2 such 
that for every to < r < a 2 we have the following. 

For every q £ M. there exists a unique T = T(q) 6 K such that ¥(<f> q ^r) = 0. In 
addition T(q) > | - qt or, equivalently, (q, T(q)) € £2(0, - log |/'| T ). 

PROOF. The function T ^ P(<f>q,T), T > 4 — qt, being differentiable (Lemma 
HI with 



dT 



J \og\f\ T dn qij> _ tlos \f,\ T <-log 7 <0 



(Theorem 17. 14p we conclude that this function is strictly decreasing with 

lim y) = —00. 

It remains to show that Y{4> q ^r) > for some T > % — qt because then the function 
T 1 ► P(</> 9 ,t) nas exactly one zero 

T(q) >$-qt. 

T 

In order to do so, set s = T + qt and ip s — — slog|/'| T + qh = 4> q ,T. If / has 
a pole then, by the assumption made in Definition 12. 5[ it also has a pole b of 
maximal multiplicity q < 00 and a 2 — 1 + ^ ■ The divergence type assumption (|2.6|) 
and a result in |My3| (more precisely the Remark 3.2 in that paper) shows that 
HD(J,.(/)) > £ which implies that 

P 



provided r satisfies 



P(^ S0 ) >0 , s 

T 



£ < 4 < HD(J r (/)). 
a t 



So, let finally / be entire. Notice first that, with the balanced growth condition 
and the fact that a 2 is a constant function (Definition [53]), the calculations leading 
to (|5.4p give the following lower estimate. 
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for all s > so = p/f. Denote now for every R > 

E R (u,a) = ^ N~" , a€ J{f) andu> p. 

ze/- 1 (a)n-D(o,fl) 

Claim: There exists R > T such that 

T, R (p, a) > A = 8K s "e^ h ^ for all a E J (J) n D(0, R). 

Suppose this claim holds. Let t < a 2 be such that i?( Q 2-r )s < 2. Then for 
every r £ (to,«2) and every s > so sufficiently close to so we get 

C^ T l D ^ R) (w) >2 /or every w E J{f)C\ D(0,R), 

from which P (ip So ) > follows. 

It remains to prove the claim. Let R > T and let a € -D(0, i?) n J{f)- We get 
precisely in the same way as in (13.91) that 

~tf(*>«) ^ f R N M dL 



tp +i 

log|o| <- 



From the sharp form of the SMT (Lemma 13 ,4[) , it follows that 



log|a|-A \r + A/ A>g|o|-A ^ 



> 



R—A 



j-dr-Ct -C 2 (log|a|) 

log|o|-A 



for some constants C\,Ci > 0. If the order p > 1 then (log Icil) 1 p is bounded 
above. Consequently there are C3, C4 > such that 



/■ii-A ji/ \ 

Z R (p,a)>C a -Atdr-Ci 

J log R- A r 



In the case when < p < 1, we have (log lal) 1 p < (logi?) 1 p X (log(i? - A)) 1 p . 
Therefore 



a)>cJ ^dr -& -C 6 (\og(R - A)) 1 "" 

./logi?- A r ^ 

for some C5 > 0. The assertion follows now from the assumption (JS77J). □ 

If g = then <f> q .T — — T\og\f'\ T is what we called a geometric potential, i.e. 
no additional Holder function is involved. The following result justifies particularly 
well this denomination. It gives in the same time a geometric meaning to this 
unique zero of the pressure function. This Bowen's Formula has been obtained in 
|MyU2| . 



Theorem 8.3 (Bowen's Formula). With the assumptions of the above Lemma, 
the only zero h of T i-> P(-Tlog |/'| r ) is 



h = HD(Mf)). 
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Proof. Denote fih = M-/tiog |/'| r an d = TO-Wogl/'L • First of all, the 
Variational Principle (Theorem 16. 25|) gives 

= P(h) = h Mh -h XMk . 
Consequently we get from the Volume Lemma (Theorem I8.1[) and the fact that 
IthiJr(f)) = 1 that 

h = Vl = HD(/i h ) < HD(J r (/)). 

It remains to establish the opposite inequality HD(j7 r (/)) < /i. Since /x/, is an 
ergodic measure there is M > so large that /U/i(J r ,Af(/)) = 1 f° r every M > M Q 
where 

JrMf) = i z ^ J(f) ■ liminf i/ n (*)i < M i- 

n — >oo 

Consequently mf l (J r ,M(f)) — 1- Since ,/(/) n -D(0, M) is a compact set, 

g A f := inf {m h (D(w, 5) : w G D £>(0, A/)) } > 0. 

Now, fix z € J r ,Ai(f) and consider an arbitrary integer n > such that f n (z) <G 
D(0, M). It follows from conformality of the measure mh, Koebe's Distortion The- 
orem and the fact that P(h) = that 

m h (D(z,5K\{r)'{z)\- 1 )) h \(.ry(z)\; h m h (D(r(z),8)) 

(8 ' 12) >QM\(n'(zT hnnz)l 



Recall that D(0,T)nJ(f) = 0. Therefore m h (D(z, 8K\{f n )' {z)^ 1 )) > \{f n )' {z)\~ h . 
Thus, there exists c > such that for every z G J r ,M(f) 

m h (D(z,r)) m h {D(z,K5\{r)i{z)\-^) 

hmsup r > hmsup 1 — r — — > c. 

r-o r h n ^ (K6\{f")'(z)\- 1 )' 1 

This implies that HD(J r>M (/)) < h for every M > M . Consequently HD(J r (/)) < 
h and the proof is complete. □ 



As a first application we can now complete the discussion on the different radial 
sets J r {f) and A/ (see Remark l4~Tj) . 

Proposition 8.4. Assuming again the assumptions of Lemma l8T2l we have that 

HD(J r (/)) = HD(A / ). 

Proof. Let h = HD(J r (/)) the zero of the pressure function. Since J r (f) C 
A / we have h < HD (A / ) and it suffices to show that 

(8.13) HD(A/\ J r (/))=HD(A / nJ 00 (/)) <h. 

Consider again the /i-conformal measure — TO-Mog|/'| T - We have to work with 
the spherical metric. So let v = \z\ h ^ T ~ 2 ^mh be the spherical /i-conformal measure. 
Notice that v is a finite measure since t < 2. 

If z 6 A/ n Ioo(f), then there is 5 > and rij — ► oo such that f nj : Uj — > 
Z?2(oo, 6) is conformal with bounded distortion where Z?2(°o, S) signifies the spheri- 
cal disk centered at oo with radius 5 and where Uj is the component of / _1 (1)2(00, 5)) 
that contains z. Conformality and bounded distortion of f nj on Uj implies that 

Uj x D 2 (z, KHYl^S) and v{Uj) x !(/"') V 
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from which follows that v(D 2 {z : r :j )) x r) with rj = \{f n3 )'\ 2 Inequality (f8TT3|) 
follows now with standard arguments since we know that v(Ioo(f)) = (Proposition 

rrm □ 



Let us now come to general gel and potentials 4> q> T- In the following defini- 
tion it is important to normalize the potentials. Subtracting P(0) from <f>, we can 
assume without loss of generality that 

P(0) = 

and call <f> normalized. 

Definition 8.5. Suppose that <j> is normalized and set again <f) q .T = —T\og \f'\ T + 
q<j). The temperature function is 

q eR^T(q) e (~ - qt,oo) , 

where T(q) is the only zero of Th> P(0 9) t)- 



Bowen's Formula can now be reformulated as T(0) = h = HD(j7r.(/)). 



Theorem 8.6. The temperature function q i— > T(q) is real analytic with 
T'(q) < and T"(q) > 0. In addition the following are equivalent: 

(1) T" vanishes in one point. 

(2) T" vanishes at all points. 

(3) = MT'( 9 )io g |/'| T - 

(4) (j) and T (q) log \ f'\ T are cohomologous modulo a constant in the class of 
all Holder continuous functions. 

If one of these properties holds then —T'{q) is constant equal to the only zero of 
the pressure function 1 1— > P(— t log \f'\ T ) which is h = HD( 1 / r (/)). 

We put in the following 

m q = m q( p_ T{q) log |/'| T = m <t> q ,T {q) 1 M? = f J '<t>q,T(q) ' 

Proof. By assumption, the potential </> is normalized, i.e. P(<fi) = 0. Since, 
by Theorem 17. 141 and the expanding property of /, 



op 

dt 



= -J log \f\ T dn q < - log'7 < 0, 



applying Lemma 17.61 we infer that the function q i— ► T(q), q £ R, is real-analytic. 
Differentiating the equation P(^ ?j r) = and using Theorem 17. 141 again, we obtain 



(8-14) = ^T'(q) + ^ = -T\q) J log \f'\ T d» q + j 

Therefore 

(8.15) T'(q) = f /ffi« < 0. 
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The equality T(0) = h = HD( J r (/)) is just Bowen's Formula. Let us now show that 
the function T : R — > R is convex, i.e. that T"{q) > for all q £ R. Differentiating 
the first part of Q8.14|) . we obtain 



T"(q) 

(8.16) 



dP 

dt 

T'(g) 2 0+2T'( g) g + 



where y M(j = / log |/'|d/x g is the characteristic Lyapunov exponent of the measure 
li q . Invoking Theorem 17.151 we see that 

^=^(-l0g|/'|r), |J=<(-l°gl/W) = «2,W, 

Using these formulas a straightforward but lengthy calculation, based on Theo- 
rem [TTTSJ shows that 

(8.17) X ,T"(l) = T 'W 2 ^ + 2T '^£ + 5 = log \f'\r + 

Since <r^(-T'(g) log |/'| T + 0) > (and > 0), we conclude that T"(q) > 0. 

Passing to the proof of the the equivalence of the assertions (1) to (4), notice 
that, in view of flgTEj]) and 1(5717]) . 

T"(g) = if and only if ^{-T 1 {q)\og\f\ T + cj>) = 0, 

which, in view of Proposition 16. 211 implies that the function —T'(q) log |/'| T + </> is 
cohomologous to a constant, say a, in the class of Holder continuous functions on 
l7(/)- But this can only happen if —T'(q) log |/'| r + <fi — h is a 0-tame potential 
(cf. Theorem 16. 20 j) . In particular, this function is bounded and cohomologous to a 
constant in which case we have the equality 

a 2 (h) =a 2 {h) 

in the CLT. Therefore T"(q) = for all q £ R. Finally, the equivalence between 
(3) and (4) is given in Theorem 16. 191 □ 

8.3. Multifractal analysis 

Recall that we investigate here the multifractal spectrum J 7 c j i (a) — HD(Z?0(a)) 
where D^(a) = {z £ J r {f) ', d^Az) — a]. One of our goals is to establish that the 
multifractal formalism is satisfied meaning that and the temperature function 
build a Legendre transform pair. If A; is a strictly convex map on an interval /, then 
the Legendre transform of k is the function h of the new variable p = k' (x) defined 

by 

h(p) = maxi{px — k(x)} 

everywhere where this maximum exists. It can be proved that the domain of g 
is either a point, an interval or a semi-line. It is also easy to show that g is 
strictly convex and that the Legendre transform is involutive. We then say that 
the functions k and h form a Legendre transform pair. The following fact gives a 
useful characterization of a Legendre transform pair (see [Ro ). 
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Fact 8.7. Two strictly convex functions k and g form a Legendre transform 
pair if and only if g(jp) = px — k(x) with p = k'(x). 



Theorem 8.8. Let / : C — > C be a divergence type and dynamically regular 
meromorphic function of order p > and let ip — —t log \f\ T +h be a tame potential. 
Then the following statements are true. 

(1) For every q £ R, 

T^a) =aq + T(q) with a = -T'(q). 

If [i^ 7^ M-Mogl/'L then the functions a — T^— a) and T(q) form a 
Legendre transform pair. 

(2) The function a T^a) is real-analytic throughout its whole domain 
(ai,a 2 ) C [0, oo). 

(3) ai = cc2 if and only if fi^ — ti_/jiog |/'| T with /i = HD(j7' r (/)) (and then 
«i = ot 2 = h). 



In order to prove this result we need the following auxiliary considerations. First 
we define a set J rr {f) C J r (.f) suitable for multifractal analysis on balls. Given 
R > and a point z £ J r {f) let rij — rij(z,R) be the sequence of consecutive 
visits of the point z to D(0, R) under the action of /, i.e. this sequence is strictly 
increasing (perhaps finite, perhaps empty) with f nj (z) £ D(Q,R) for all j > 1 and 
f n (z) D(0, R) for all rij < n < rij + \. Let Mr be the set of points z £ J r {f) such 
that 

ii m logl( {T;\ ) '!C (z))l -Q^ i im ^=i 

j^oo log \(j nj ) {z)\ j^oc rij 

where rij — rij(z,R). Denote then 

J rr (f) = |J Mr. 
R>0 

Observe that if z £ Mr then, for every p > 1, 

lim i°si(/"77)y7W)i =0ond lim ^ =1 . 

j->oo log |(/ nj ')'(z)| n J 

Now let us record the fact that this set J rr {f) is dynamically significant. 

Proposition 8.9. If /j is a Borcl probability /-invariant ergodic measure on 
J{f) with finite Lyapunov exponent (which is in particular the case for every 
Gibbs state ii^ with 4> a tame potential), then /x(j7^ r (/)) = 1- 

Proof. Let R > such that D(0, R) n J7"(/) 7^ 0. We keep the notation rij for 
rij(z,R). Since 

(r3+1 -n,y (r , ( , )) = y_^ 

and since by Birkhoff 's Ergodic Theorem 

lim 2*±i = 1 

for /z-a.e. z S Jr{f), the proof is concluded by applying Birkhoff 's Ergodic Theo- 
rem to the integrable function log | /' | . □ 
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Given a real number a > 0, we define the following set. 

y I \ f r- itt\ v P(0)" - S n (j){z 
K, f f,{a) = < z G Jr(j) ■ hm — , , „..w, - — = o. 



n^<x> log|(/»)'(z)| 

Proposition 8.10. For every a > 0, we have that 

fC<f,(a) n J rr (/) c D^(a). 
Proof. We are to prove that if z g J rr (f), then 



(8.18) 



P(0)j - S^z) 

Aoo log|(p')'(z)| 



lim 



lim 

r— >0 



log^(£>(z,r)) 
logr 



And indeed, take z € J r r(f) and assume that the left-hand side limit of (|8.18[) is 
equal to a. Let R > such that z € Mr and denote again nj = rij(z,R). Fix 
r € (0, 1) small enough and let j = j( r ) > 1 be the largest integer such that 

(8.19) r\{n)'(z)\<5/A. 
Then 

(8.20) r\(r^)'(z)\>d/A, 

It follows from (|8.20[) and Koebe's Distortion Theorem that 

f- n ^(D(f n ^(z),(AK)- 1 5)) C D(z,r) 
and from (|8 . 20[) along with Koebe's ^-Distortion Theorem, that 

f-^{D(n(z),S))DD(z,r). 

Put 

Applying Lemma 15.201 we therefore get that 

m,(D(ar,r)) < m^f-"* (D(f* (z), S))) < C^exp(S n ^(z))m^(D(n (z),5)) 

and 

m ^D(z,r)) > m^f-^iDir^iz^iiK)-^))) 

>C^e^{S n]+ ^{z)) m<p {D{r ]+1 {z),{AK)- l 6)) 

>TC^exp(S nj+ Mz)), 

where T = in{{m^(D(w, {AK^S) : w E J(f) n D(0, J?)} > 0. Using these two 
estimates and both (|8.19[) and (|8.20p . we obtain 
(8.21) 



log(m (^(z,r))_) > \ogC^ + S n ^(z) 



logC^ + S^OO 



logr 



logr 



" Iog(<y/4) - log (/"*+*(*))'(*) 



log((S/4) - log (/^(z))'(z) -log|(/™^-^)'(/" j W)| 
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and 
(8.22) 

]og(m^D{z,r))) < logT - log C + S nj+ M^) < logT - logC + 5„ j+1 ^(z) 



logr 



logr " log(V4)-log {f»t{z))\z) 

= logT-logC^ + Sn^^) 

log(J/4) - log | {z))\z)\ + log | )' (/nj (z))| ' 

Dividing the numerators and the denominators of the right-hand sides of (|8.21|) 



and (I8.22P respectively by log (f ni (z)) (z) 



and log 



(r^(z)Y( Z ) 



also that lim r _>o ^j(r) — lim r ^o n j(r)+i = +oo, we thus get that 



and noting 



. \og(m^(D(z,r))) log(ro (D(z, r))) 

hmml ^ > a and hmsup 7 < a. 

r^o logr r _k0 logr 



Since lim r _ 



\og( P4 ,(D(z,r))) 
log r 



lim r _o l ° e ( m *(®( z - r ^ ; W e are done. 



□ 



Proof of Theorem 18.81 Remember that 



m q - m g ^_ T ( 9 ) log |/'|r = m <f> q ,T (q) ! M? = M0 9 ,r (9 ) 

and a = —T'(q). 

In order to prove (1), we first give the estimate of the function T^a) from below. By 
Birkhoff 's Ergodic Theorem and Proposition IS .91 there exists a Borel set X C J rr (f) 
such that fJ. q (X) — 1, and such that for every x & X, 

lim - log I (f n )'(x) I = / lag\f'\d(i q and lim -S n (t>q,Ttq)(x) = / <t> q , T ( q )dn q . 
Hence, using (|8. 15[) . we obtain for every x £ X 

y -S n (/> q!T ( q ){x) _ f 0q,T(q)dHq _ 
™ log |(/«)' (X) I /l0g|/'|dA«, 

In other words, X C J rr {f) H /C^ T . . (a) and hence, by Proposition I8.10[ X C 

Thus, the Volume Lemma (Theorem 18. ip . the fact that P(<^g,T(g)) — 0, the 
Variational Principle (Theorem 16. 25|) and (|8.15|) imply that 

T^a) = HD(U^(a)) > ED(X) > HD( Mg ) = 

(8 ' 23) = r to.-g/^ = T{q) _ q m^± = T{q) _ ?T , (g) . 

This gives the required lower bound for T$ . For the upper bound of T$ let us fix 
an element x £ V^a). Since x £ J r {f), there exist M > and an unbounded 
increasing sequence {k n } ( ^L 1 such that |jf n (af)| < M for all n > 1. The estimate 
(|8T2| gives us that 

m q (D(x, SKf^Yix)]- 1 )) > Cexp(S kn (-T(q) log |/'| + #)(x)) 
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with some constant C independent of x and n. Hence, 

liminf logn^r)) K liminf log^MK/S'wi- 1 )) 

< Um -T(q)\og\(f k -y(x)\+qS k ^(x) 
~ n^oo -log|(/ fe ")'(a;)| 
Take now the measure m^. By the same arguments as above one get's from con- 
formality of this measure that 

m (DfaSHJ^yix)]- 1 )) <ce X p(S kn (cf>)(x)). 
Since x € 2?^ (a) we get 

logm^^M^")'^)!" 1 )) 5 fc „(0)(x) 



a 



= lim : TTTTTi — rr, n — > hm 



fc^oc log(5|(/*S'(z)|-i) -fc-=obg(*|(/*-)'(s)|-i)' 
Together with (I8.24[) we finally have 

liminf logm (g(x,r)) 
r-vO log r 

So the proof of item (1) is complete. 

The assertion (2) results from (1) together with Theorem 18.61 The same The- 
orem [SIS yields also (3). □ 



CHAPTER 9 



Multifractal Analysis of Analytic Families of 
Dynamically Regular Functions 

Fixing a uniformly balanced bounded deformation family of divergence type dy- 
namically regular transcendental functions we perform the multifractal analysis for 
potentials of the form 

-tlog\f x \ a + h, 

where h is a real-valued bounded harmonic function defined on an open neigh- 
borhood of the Julia set of a fixed member of A. We show that the multifractal 
function ^,(A,a) depends real analytically not only on the multifractal parameter 
a but also on A. As a by-product of our considerations in this chapter, we repro- 
duce from |MyU2| , providing all details, real-analytic dependence of HD(J r (/A)) 
on A (Theorem 19. lip . At the end of this chapter we provide a fairly easy sufficient 
condition for the multifractal spectrum not to degenerate. 

9.1. Extensions of Harmonic Functions 

Fix d > 1. Embed C d into C 2d by the formula 

(xi + iyi, x 2 + iy2, ■■■ 1 x d + iyd) >-> {x\, y\, x 2 , j/2, ■ ■ -,xd,y d ). 

For every z 6 C d and every r > denote by Dd(z, r) the cZ-dimensional poly- 
disk in C d centered at z and with "radius" r. By B(X,R) we will denote the 
R- neighbour hood of the set X. We will need the following lemma, which is of 
general character independent of dynamics. 



Lemma 9.1. For every M > 0, for every R > 0, for every A € C d , and for 
every analytic function ip : Dd(X°, R) — > C bounded in modulus by M there exists 
an analytic function : Z?2d(A°, i?/4) — > C that is bounded in modulus by 4 d M 
and whose restriction to the polydisk Dd(A°, -R/4) coincides with Re^, the real part 
of if). 

Proof. Denote by No the set of all non-negative integers. Write the analytic 
function ip : Dd(X°, R) — > C in the form of its Taylor series expansion 

lfr(Ai, Aa, . . • , Xi) = J2 M A i - A ?) Q1 ( A 2 - A 2)" 2 • ■ ■ (Ad - A°r*. 



a6f 



By Cauchy's estimates we have 

, , , M 
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for all agNjj. We have 
Re^(Ai, A 2 , ...,X d ) = 



J2 ReL ( jr f ai \ (ReAi - ReA?) p (lmA 1 - ImA?)" 1 ^ 1 ^ j 
' (E ( 7) ( ReA2 " R eA°) P (lmA 2 - ImA£) Q2 ~V 3 ~ p J • . . . 



= E Rc 



Q'l 

I 

(!) , «(2) 



E ( p ) ( ReA <* " R eA«) p (lmA rf - ImA^ 



0d P jOL d -p 



n 



3=1 



/3 



(i) 



z^ <2 ' (ReA, - ReA°)^ (1> (imA, - lm\f)^ 



E Re KIT 



3 = 1 



J 1 ^3 



(2) I £n 1 / 

$ (ReAj - ReA°p (imAj - ImA 



where we wrote € Ng rf in the form (f3{ 1] , @[ 2 ) , /3^ 1} , (3^ ffi , /3^ 2) ) and we also 
put $ = (/3« + p{ 2) , + 4 2) , . . . , + /?f ) € Nq. Set 



C/3 



Re 



.n 



fp) , o(2) N 



(1) 



5 



Using (|9.ip . we get 



m < 1^1 n ' ' 



(i) 



3=1 



Thus the formula 



(i) 



%tip(xi,yi,X2,y2, ■■■,x d ,yd) = c /3 ( x j — R- e A°) J (%-ImA°) 

/3eNg d 3=1 

defines an analytic function on Z?2d(Ao, i?/4) and 

1^(351, j/i,ar 2 , 3/2, ■ ■ . , ardj S/d)| < 4<Z M. 
Obviously 3?Vb d (A ,-R/4) = Re^b d (A ,fi/4), and we are done. 



(2) 



□ 



Lemma 9.2. Suppose that AT is a closed subset of C. Fix R > and g : 
B(X, R) — ► K, a bounded harmonic function. If <? : B(X, R) — > C is a holomorphic 
function whose real part is equal to c/, then 

L; := sup{|3'(z)| : z G B(X,E/2)} < 00. 

In particular g : -B(AT, R/2) — ► C is Lipschitz continuous with Lipschitz constant 
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Of) 



Proof. Since g : B(X, R) — + M is bounded, there exists A > such that 
—A < g(z) < A for all z G B(X,R). Consider the function G(z) = exp(g(,2)), 
ze B(X,R). Then 

(9.2) e" A < \G[z)\ < e A 

for all z G B(X,R). Then for every z G B(X,R/2), B(z,R/2) C B(X,R), and it 
follows from Cauchy's Estimate that 

(9.3) \G'{z)\ < 2e A R-\ 

Since G'(z) — G(z)g'(z), we get g'(z) — G'(z)/G(z), and applying (|9.3|) along with 
(jHU), we obtain that for all z G i?/2) 

We are done. □ 



9.2. Holomorphic Families and Quasi-Conformal Conjugacies 

Fix A, an open subset of C d , d > 1. We say that a family Ma = {fx}xeA of 
dynamically regular meromorphic maps is analytic if the function A i— ► fx (z), A € A, 
is meromorphic for all z £ C and the points of the singular set sing(f^ ) depend 
continuously on A S A. We recall from the introduction that Ma is of bounded 
deformation if there is M > such that for all j = 1, N 

dfx(z) 



(9.4) 



d\ j 



< M\f x (z)\ , X G A and z G J(/ A ). 



The Speiser class 5 is the family of meromorphic functions / : C —* C that have 
a finite set of singular values sing(f~ 1 ). We will work in the subclass So which 
consists in dynamically regular functions / G S that have a strictly positive and 
finite order p = p(f) and that are of divergence type. 

Recall that the family M\ C So is of uniformly balanced growth provided every 
fx G A4a satisfies the condition (|2.9p with some fixed constants k > 1, a\ G M and 
&2 ^ c?2- We assume further that a\ > 0. 

The work of Lyubich and Mahe-Sad-Sullivan LI, MSS] on the structural stability 
of rational maps has been generalized to entire functions of the Speiser class by 
Eremenko-Lyubich |EL) . Note also that they show that any entire function of the 
Speiser class is naturally imbedded in a holomorphic family of functions in which the 
singular points are local parameters. Here we collect and adapt to the meromorphic 
setting the facts that are important for our needs. We also give an interpretation of 
the bounded deformation assumption of M.a near f\a in terms of a bounded speed 
of the involved holomorphic motions. A holomorphic motion of a set Ac C over 
U originating at A is a map G : U x A — > C satisfying the following conditions: 

(1) The map A i— > G(X, z) is holomorphic for every z G A. 

(2) The map G x ■ z i— > Gx(z) — G(X, z) is injective for every A G U. 

(3) G\a = id. 

The A-lemma |MSS] asserts that such a holomorphic motion extends in a quasi- 
conformal way to the closure of A. Further improvements, resulting in the final 
version of Slodkowski Sk , show that each map Gx is the restriction of a global 
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quasiconformal map of the sphere C. We recall that fx £ A4a (or simply A 6 A) is 
holomorphically J-stable if there is a neighborhood U C A of A and a holomorphic 
motion G\ of J(f\o) over U such that Gx{J{fx a )) = J [fx) and 

G\ o f x o = fx o G\ on J(fxo) 

for every A G £/. 



Lemma 9.3. A function f x a G .Ma is holomorphically J-stable if and only if 
for every singular value a,j x ° € sing(f^ 1 ) the family of functions 

A^/IKa), n>l, 
is normal in a neighborhood of A . 

Proof. This can be proved precisely like for rational functions because the 
functions in the Speiser class S do not have wandering nor Baker domains (see |L2] 
or [BMl p. 102]). □ 



From this criterion together with the description of the components of the Fatou 
set one easily deduces the following. 



Lemma 9.4. If Ma is an analytic family of bounded deformation and uniformly 
balanced growth, then each element fxo S .Ma is holomorphically J-stable. 



We now investigate the speed of the associated holomorphic motion. 



Proposition 9.5. Suppose that .Ma is an analytic family of bounded defor- 
mation and uniformly balanced growth. Fix A e A and let Gx be the associated 
holomorphic motion over A (cf. Lemma l9~4|) . Then there is a constant C > such 
that 

dGx(z) 



dX, 



< C 



for every A € U, a sufficiently small neighbourhood of A S A, and every z € J {fx ) 
and j = 1, d. It follows that Gx converges to the identity map uniformly on 
•?{fx°) H C (in the Euclidean metric) and, replacing U by a smaller neighborhood 
if necessary, there exists < t < 1 such that Gx is r-Holder for every A € U . 

Proof. Let Gx be the holomorphic motion such that fx ° Gx = Gx ° fx" on 
J{fx°) for A G U and such that there are c > and 7 > 1 for which 

(9-5) l(/™)'0)l > c 7" f° r ever V n > h zej fx and X G U. 

(cf. Fact 14. 5p . Denote zx = Gx{z) and consider 

F n (\,z) = f$(z x )-z x . 
The derivative of this function with respect to Xj gives 

-^F n (X, z) = j±(G x (z)) + (fZ)>(G x (z)) — G x (z) W Gx{z). 
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Suppose that z is a repelling periodic point of period n. Then A i— > F n (X,z) = 
and it follows from (19.511 that 



dG x {z) 



i - (/D'(^) 



-< 



= A, 



Since §g( 2A ) = ^(/r 1 ^)) + /U/r 1 ^))^-^) we have 



dfx ( fn 

ax 3 \J\ 




1 


\.wr 







i n-l,J- 



Making use of the expanding f|D . 5|) and the bounded deformation (|9.4[) properties 
it follows that 

a M A 

The conclusion comes now from the density of the repelling cycles in the Julia set 
J(fxo): 

dG x (z) 



M 7 

d t for every z £ J(f\o). 

c 7 — 1 



The Holder continuity property is now standard (see [UZ2 ). 



□ 



9.3. Real Analyticity of the Multifractal Function 

Keep notation and terminology from the previous section. Fix f > p/f, \$ £ A, and 
a bounded harmonic function h : B(J(f x «),R) — > R with some R £ (0,6). By J- 
stability of f\ proven in Lemma l9.4i there exists a sufficiently small neighbourhood 
U C A of A such that J(/ A ) C B(J(f x o), R/2) for all A £ U. Then for all A € U 
the function 

A = -flog \f' x \r+h: B(J(f x o),R) R 

restricted to J(f\) is a tame function with respect to the map / A : C — > C. We 
prove first the following. 



Lemma 9.6. Both functions z^/io G A (z) — and z i— > log |/ A (G A (z))| T — 
log |/(o(z)| T; z 3 (fx°), are weakly /^-Holder on a sufficiently small neighbourhood 
U of A £ A. The corresponding /3-variations are uniformly bounded above, say by 
V. 

Proof. By Lemma [9~2l and by Proposition l9.5l the function z i— » hoG x (z) — h(z) 
is /^-Holder continuous (j3 < 1) with the /3-variation uniformly bounded above in a 
sufficiently small neighbourhood of A . By Corollary 14.81 the function log|/ A0 (z)| T 
is weakly Lipshitz. Using again Corollary 14.81 along with Proposition 19.51 we get 
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for all v £ J(f) and all z, w £ D(f(v),S) that 

|log|/l(G A (/-^H))| r -log|/;(G' A (/- ^(^)))| T 

= log|/ A (/-^ (tj) (G A H))| T -log|/ A (/-^ (w) (G A (^)))| T 

= \(fxk(v)y(Gx(mr - l0g|(/-^ w )'(G A H)| r 



1 \G x {z) - G x {w)\ 1 \w-zf. 



We are done. 



Denote z x = G\(z), z £ J{f\o) and A £ B C d(X°,R). Remember that G\ 
uniformly in J{f\o) (Proposition [93]). Since ^ J{f\°) the function 

/a(*a) (z\Y fh°(z)Y 



(t)' 



/ A o(^) W ' \/a(za), 

is well defined on the simply connected domain D^d (A , R). Here we choose w 
so that this map fixes 1 which implies that 

* Z (A°) - 1 for every z £ J = J(f x o) \ f^(oo). 

For this function one has the following uniform estimate. 



□ 
id 



Lemma 9.7. For every e > there is < r £ < R such that I** (A) — 1| < e for 
every A £ ID C d(A , r e ) and every z £ J . 

PROOF. Suppose to the contrary that there is e > such that for some rj — > 
there exists Xj £ O C d(A ,rj) and Zj £ Jo with \ty z .(Xj) — 1| > e. Then the family 
of functions 

cannot be normal on any domain lD>td(A ,r), < 7' < i?. This is however not true. 
Indeed, the uniform balanced growth condition fDcfinition l2.9[) yields 

f („ \ aa(z)-T 
f\{ z X) 



|**(A)|<K 



2\Z*\ ai \M*\)\ aaM 



\z\^\f X0 (z)\<**W 



fxo(z) 



fxo(z) 



for every z £ J Q and |A — A°| < R. Since f\{z\) = G\ o f\o(z), G\ — > Id uniformly 
in C and since 0:2(2) < a it follows immediately that T is normal on some disk 
D C d(A ,r), < r < R. □ 



Let log : D(l,l) — > C be the branch of logarithm uniquely determined by the 
requirement that logl = 0. In view of Lemma 19.71 for every z £ J{f\°), the 
function A 1— * log^, A £ D(Xq,t) C U, is analytic and bounded above by log 2. 
Consider its Taylor series expansion 



log*,(A) = M z X A i - A?) ai (A 2 - X Q 2 Y 



(A d -Asr*. 



By the definition of holomorphic motion, Lemma 19 . 21 and Lemma 19.41 for every 
z £ J(f\o), the function A (h(G\(z)) — h(z)), X £ D(X ,r), is analytic and 
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bounded above by 2||/i||oo- Consider its Taylor series expansion 

A Z (X) = 6 ^)(Ai " A ?) Q1 (A 2 - AT" • ■ ■ (A d - AS) ". 



It follows from the proof of Lemma 1971] that with its notation, the series 

d <i) 

3?log* z (xi,yi,x 2 ,2/2, ■ ■ ■ ,x d ,yd) = ^2 II ( X J _ReA ?) 7 ' (%' _ImA ?) 

7GNg d 3=1 

and 

9?A z (xi, yi, £2,2/2, ■ ■ • ,»d,2/d) = n( x J l_ ReA i) 7 ' (yj"- ImA i) 7j 

define analytic functions on Z? 2 rf(A ,r/4) and 3? log * z |£) d (Ao.r/4) = Re log ^ 
log |**| and 5ftA*|.D ({ (A ,r/4) = ReA * = /l ( G (-)( z )) ~ M4)- In nere 



Ay(z) = Re a 7 (z) J j 

3=1 



and 



B 7 (z) = Re ( fe 7 (z) Yl 

3=1 



By Lemma l9T6l it follows from Cauchy's estimates that for all a £ Nq, all v £ J{f\o) 
and all z,w £ D(f(v), 5), we have 

M/^») - ««(/avW)I> - M/ao!»)I ^ ^r-l«l|«; - zf 

Therefore, for every 7 £ N^ d , we get 
|A T (/- i (w)) - A y (f~ ] v (z))\ = 



Re(a^(/^H)^r)-Re(a 7 (/ A - y 2 ))rr )|JJ( J ' 



„(!) 



(9.6) 



< 



«7(/aV,m)^ <2) -«7(/av(^))^ <2> | n ( j 



7, (1) +7f 

J 1 ) 



•7 (2) 



i(uw) - m/a - <v>))I n 



3=1 



<2^(f- ] v (w))-(a^f- \Xz))\ 
< 2^Vr~^\w- zf. 
and similarly, 

(9-7) \By(f£M) - B Mxo] v (z))\ < 2MVr-M\w - zf. 

Now we can prove the following. 



104 9. MFA OF ANALYTIC FAMILIES OF DYNAMICALLY REGULAR FUNCTIONS 



Lemma 9.8. Fix (qo,T ) £ K 2 such that q t + T > p/f. Then, with r > 
as above, so small that (go — (r/4))i + Tq — (r/4) > p/f, for every (A, q,T) £ 
-D-4((^o, go, T)), r/4), the function 

(x, q ,T := -(«t + r)Rtog* w (A) + gKA (0 (A) : J(fx») -» C 

is a member of and 

sup{|||Ca, 9 ,t|||/3 : (A,g,T) G £> 4 ((A , go, T ), r/4)} < oo. 

Proof. It follows from LemmaElthat for all (A, q, T) G £> 4 ((A , go, lb), r/4), 

(9.8) \Kx, q ,T\\oo < 4 4 (2(| go | + (r/4))||fc|U +log2((|g b | + (r/4))|*| + |T | + (r/4))). 

Put Qi = |g | + (r/4) and Q 2 = {\q \ + {r/A))\t\ + \T \ + (r/4). It follows from 
(EU) and $M that for all (A, q, T) £ D 4 ((X ,q ,T ),r/8), all v £ J(f x o) and all 
z, w £ D(f(v),6), writing A = (Ai.i, Ai )2 , A 2 ,i, A 2 , 2 ■ ■ ■ , A rf) i, A dj2 ), we have 

ICA,,,T(/xo^H) " Cx, q , T (& z ))\ = 

= | - (qt + T)(mog* (f - oljw)) (\) -mog* {f -, Jz)) (\)) + 

+ ^ 5RA (/ A -o 1 t ,w)( A ) : ^ A (/ ; :o 1 „( Z ))( A ))l 

< Q 2 |Klog* (/ -^ (w)) (A) - a?log* (/ -^ (2)) (A)| 
+ Qi|RA tf -^ (w)) (A)-RA (/ -i >W) (A)| 

^ (1) (2) 

<Q 2 E I1(^i- RcA ") 7j ( A ^ 2 |fl 7 (/^ 1> W)-s 7 (/^( 2f ))|+ 

^ (1) (2) 

+ <3i E H(-V: I'-'-V;)' (A, 2 In,A';)" |A 7 (/ A 7») - A y (f£ v (z))\ 
<(Qi + Q 2 ) E ^ _l7l 2 l7l h-^| /3 (r/4)lTl 

= (Qi + Q 2 )V>-^ E 2_l7 ' 

= 4<V(Q 1 +Q 2 )|u>-z|' 3 . 
So, V^(CA,g,T) < 4 d I/(Qi + Q 2 ) and we are done. □ 

Now we obtain easily the following key technical result of this section. 

Lemma 9.9. For every (A, q,T) £ D 4 ((A , go, lb), r/4), the function 
</>a, 9 ,t = -(<?* + 7 1 ) log |/jJ T + «fc + Ca, 9 ,t : J(fxo) - C 

is a /3-tame potential, the map (A,g, T) — * C-$ X ^ T £ L(Hfj(J'(f\o))), (A, g,T) G 
£> 4 ((Ao, go, lb), r/4), is holomorphic and 

0a, 9 ,t = (g^A~Tlog|/;| r )°G A , 

for all (A, q, T) £ £>(A 0) r/4) x (g - (r/4),g + (r/4)) x (T - (r/4),T + (r/4)). 
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Proof. Lemma 19781 implies that 4>\,q,T ■ J{fx°) — * C is a weakly /3-tame poten- 
tial. The choice of qo, Tq and r > (see Lemma T9.8I assures that this potential is 
tame and that condition (d) of Theorem 17.21 is satisfied. Thus the condition (a) of 
Theorem l7.2l is satisfied. Since the function {q, T) i— > qt+T is holomorphic and since 
for every z G S{fx°)i the function (A, q, T) i— > Cx,q,r{z) is holomorphic (as the func- 
tions SRlog^z and 5RA Z are), the conditions (b) and (c) of Theorem l7.2l are satisfied. 
Thus Theorem 17.21 applies (with G — Di((Xo, qo, Tq), r/4)) and yields analyticity 
of the map (A, q, T) - £^ T e L(H /3 (J(/ X o))), (A, q, T) G £> 4 ((A , <?o, T ), r/4). 
The last assertion of this lemma is obtained by the following calculation. Fix 
(A, q, T) G D(Ao, r/4) x ( 9o - (r/4), «, + (r/4)) x (T - (r/4), T + (r/4)). Then, for 
all z G J(f\a), we get 

0a, 9 ,t =-(«* + T) log|/; o (z)| T + qh(z) - (qt + T)3?log* z (A) + ^A Z (A) 
= -(qt + T) log |/ Ao (z)| T + gfc(z) - {qt + T) log |*,(A)| 

= -(gi + T) log |/ Aq (z)| t - (qt + T)(log |/; o G A (z)| r 

-log|/; o (z)|+^oG A (z) 
= (-(^ + T)(log|/ A | r + ^)oG A (z) 
= (# A -Tlog|/ A | T )oG A (z). 
We are done. □ 

For every (A, q, T) G A x £ 2 (<£ A , - log |/ A | T ), let 

(9.9) P A (g,T)=P(# A -Tlog|/ A | T ) 

obviously taken with respect to the dynamical system fx : C — > C. Fix now Ao G A 
and (g , T ) G M 2 such that q Q t + T Q > p/f, i.e. (go, To) G S 2 (0 A , - log |/ A | T ) n K 2 
assuming that A G Z)(Ao,r/4) with r/4 sufficiently small as above. Since the maps 
fx and / Ao are topologically conjugate on their respective Julia sets via the map 
G A , we get, using Lemma l§79l that 

(9.10) P A (g,T) = P(0 A , g)T ), 

where the topological pressure on the right-hand side of this equality is taken with 
respect to the dynamical system f\ : C — > C. Now we can prove the following. 

Corollary 9.10. The function (X,q,t) ^ P A (g,T), (A, q, T) G A x £ 2 (0, ip) n 
M 2 , is real-analytic. 

Proof. Keep A G A and {q ,T ) G £ 2 (<£ A , - log|/ A | T ) fll 2 fixed. Since, by 
Lemma [9.91 <f>\,q,T '■ J {fx ) —* K is a /3-tame potential, using (|9. 10[) . it follows 
from Theorem ES that exp(P A (g,T)) ((A,g,T) G D(A ,r/4) x (g - (r/4),g + 
(r/4)) x (T — (r/4), T + (r/4))) is a simple isolated eigenvalue of the operator 
£-<i>\ q t e ^(^(^"(/a )))- Hence, in view of analyticity part of Lemma [9~9l Kato- 
Rellich Perturbation Theorem ( [ReSij . Theorem XII. 8 cf. [Ka] ) is applicable to 
yield r± G (0, r/4] and a holomorphic function 7 : i?4((Ao, qo, Tq), ri) — > C such that 
7(^0,50,^0) = exp(PAo(<Zo, To)) and g{X,q,t) is a simple isolated eigenvalue of the 
operator £<^ 1<!>T G L(H (3 (J r (/ A o))) for every (A, q, T) G D 4 {{X , q , T ), n) with the 
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remainder of the spectrum uniformly separated from j(X,t). In particular there 
exists T2 € (0,ri] and 77 > such that 

(9.11) ( T(£ ,, 9iT )n^(exp(PAo( ( 7o,To)),7 ? ) ={ 7 (A,i)} 

for all (A, q, T) <E £>4((Ao, qo, Tq), ra). Since exp(PAo((?Oj 2b)) is equal to the spectral 
radius ri^C^^ qQ T ) of the operator £</> Ao qo T , in view of semi-continuity of the 
spectral set function (see Theorem 10.20 on p. 256 in [Ruj ) . taking r 2 appropriately 
smaller, we also have that r(£«^ A ) € [0, exp(PAo(qo, T )) +77). Along with (|9.11|) . 
this implies that exp(P\(q 7 T)J = 7(A, i). Consequently, the function (A, t) > 
Pa(?,T), (A, q, T) £ D 4 {(\ , q , T ), r 2 ) is real-analytic. □ 

Our first geometric result, proved in |MyU2| concerns real analyticity of the Haus- 
dorff dimension of the radial Julia sets J r (fx), which is based on the corollary above 
and on Theorem 18.31 (Bowen's formula) . 

Theorem 9.11. If Ai\ is an analytic family of bounded deformation and uni- 
formly balanced growth with ot\ > 0, then the function A 1— > HD(J r (/>,)), A € A, is 
real-analytic. 

Proof. The proof is a direct consequence of Corollary 19. 10| Theorem 18. 3[ which 
asserts that P x (HD(J r (f x ))^ = 0, and the Implicite Function Theorem supported 
by Theorem 17.141 from which follows that 

^ P aCO = -/ log|AUM<0, 

where the differentiation is taken at the point (A, HD( J r (f\))) and /i is the Gibbs 
(equilibrium) state of the potential —~HD(J r (f\)) log \f' x \ T - O 

From now on assume that the bounded real-valued harmonic function h is defined 
on the set W\ = UagA B(J(f\), 2<5/ A ) and W\ is disjoint from the postsingular 
set of all maps f\, X € A. So, in particular, our, up to here considerations are 
independent of the point AoiA. In view of Lemma 18.21 and formula (|9.9p for every 
A 6 A and every q £ R there exists a unique "temperature" value T\(q) £ R such 
that (q,T x (q)) e S 2 (0 A , - log |/jj T ) n R 2 such that P x {q,T x {q)) = 0. A direct 
application of Corollary 19.101 and the Implicite Function Theorem supported by 
Theorem 17. 141 which asserts that 

d f 
gf\x, q ^( q )Px(q,T) = - J log] f x \ T dfi q < 

(fi q is the Gibbs (equilibrium) state of the potential qcj) X — T x (q) log |/jJ T ), gives the 
following. 

Corollary 9.12. The temperature function (A, q) i-> T x (q), (X,q) e A x R, is 
real-analytic. 

In view of Theorem 18.81 for every A G A, the range of the function q —T' x {q), 
q £ R, is an open interval (ai(A), a 2 (A) with < a\(X) < 02(A) < +00. As an 
immediate consequence of Corollary I9.12[ we get the following. 
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Lemma 9.13. The functions A i— > oi(A) and A ^ 02(A), A G A, are respectively 
upper and lower semi-continuous. 

In turn, as an immediate consequence of this lemma, we get the following. 

Proposition 9.14. Recall that (j) X = -ilog|/jj T + h : {j XeK B{J{f x ),5 fx ) -> 
E. Then the set 

U(t, h)=\J {A} x (01(A), 02(A)) cCxI 
AeA 

is open. 

Given A € A, let p\ be the Gibbs state corresponding to the potential <f>\ and the 
dynamical system f\ : J(f\) — > J (fx)- We define the function T$ : U ty h — * [0, 2] by 
the formula 

•7>(A,o) = ^^(a). 

The main theorem of this section and, in a sense, a culminating point of the whole 
paper, is the following. 

Theorem 9.15. The function : U t ,h — > R is real-analytic. 

Proof. It follows from Theorem 18.81 that for every (A, q) G A x M, 

^(X,-T x (q)) = T x (q)-qT' x (q). 

Now, fix an element (Ao,oo) G U±,h- Then ao € (ai(Ao), «2(Ao)) and, in particu- 
lar, ai(Ao) < 02(Ao)- It then follows from Theorem 18.81 that there exists a unique 
go 6 R such that ao = —T' x (q ) and T Xo (qo) 7^ 0. Therefore, applying the Im- 
plicit Function Theorem to the real-analytic function G(A,a,g) = a + T' x (q) (see 
Corollary I9.12p , we see that there exists a real-analytic function p : V — *■ R de- 
fined on an open neighborhood V C Ut,h of (Ao,Oo) such that p(Ao,oo) = qo and 
a = -T x (p(X,a)) for all (A, a) G V. Hence, ^(A,a) = T x (p(X,a)) + p(X,a)a 
for all (A, a) G V. Since compositions and products of real-analytic functions are 
real-analytic, we are done. □ 

We now shall look a little bit closer at the structure of the set U a ,(/>- We start with 
the following trivial observation following immediately from its definition. 

Proposition 9.16. The set U tl h is vertically connected, i.e. for every AeA, 
the set ({A} xl)fl U t ,h is connected. 

The family {</>a}agA of tame potentials is called essential if for no A G A, the 
function <f>\ is cohomologous to — HD( J r (f\)) log \f' x \r m the class of all Holder 
continuous functions. 

Theorem 9.17. If the family {<f>x}x^A of tame potential is essential, then the 
orthogonal projection of U(t, h) on C is equal to A. If in addition A is connected, 
then so is U(t, h). 
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Proof. Let 7ri : C x K — * R be the projection onto the first coordinate. It 
is obvious that 7Ti(U(t, h)) C A. Since family {c/)x}\eA is essential it follows from 
Theorem [5751 that ai(A) < a 2 (X) for all A G A. Consequently m(U(t, hj) D A. Now, 
it follows from Lemma \9. 131 that for every A G A there exists radius r(A) > such 
that the set D(X, r(A)) C A such that U\ := {J 7 eD(x,r(\)){^} x ( a i(l): "2(7)) C 
?7(i, /i) is connected. Suppose now in addition that the set A C A is connected. 
Fix two arbitrary points (A, a), (A, a') € U(t,h). Then there exists a compact 
(polygonal) arc 7 joining A and A' in A. The standard compactness argument 
shows that there exist finitely many points Ai, A2, •• • , A n on 7 such that Ai = A, 
X n = A' and B{\, r{\)) n B(X i+1 , r(A i+ i)) 7^ for all i = 1, 2, . . . ,n - 1. Then all 
the sets U(4>, B(Xi,r(Xi))) C U(t, h), i = 1, 2, . . . , n — 1, are connected and 

t/A, n C/ Ai+1 - |J{A} x (ai(A),a a (A)) ^ 

for alH = 1, 2, . . . , n — 1, (A, a) <E L^i. an d (A', a') G £/a„ where the usnion is taken 
over the set (j>, B(Xi,r(Xi)) D B(Xi+i, r(Aj+i))) . Hence, the set U(t,h) is connected 
and we are done. □ 

The next result provides an extremely easy to verify sufficient condition for a har- 
monic tame potential to be essential. It follows from Theorem 16.201 



PROPOSITION 9.18. If 4>\ = -t log \f' x \ r + h and t>2, then the family {</>a}agA 
is essential. 

Proof. First notice that of and ip are tame potentials cohomologous modulo 
constant, then k{4>) = K,(ip). Since «(-HD(J r (/ A )) log = HD(J r (/ A )) and 
since HD(J r (/ A )) < 2 for all A G Hyp, we are done. □ 
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